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PREFACE

This volume was organized -the'request of the SMSC Panel on Research for
their use in identifying needed'research in mathematics education. At a meet-,O

ing of the Panel in May 1969, several very recent comprehepsive reviews, as
1

yet unpublished,were disCussed, and the Panel decided to request copies for
-their use. Originally, these manuscripts were to be reproduced in enough

copies for the Panel -- either separately or together -in an in -house paper.
In a work session at Stanford during the summer, 1969, we examined the five

manuscripts collected for the Panel and were impressed. We fel* these compre-
.

hensive reviews were of general interest and therefore argued for Making these
! reviews available to awi4er audience. As a result, this volume in the STUDIES

1 IN MATHEMATICS series was prepared. .

, Each previous volume.in the STUDIES IN MATHEMTCS series has. dealt Wi:th\ some mathematich topic pri mathematics with discussion of pedagogy and curricu-
.

lum. This is the first volume to be 'devoted, specifically to-mathematics edu..

cation-or to research. The intent of the series, however, is to p,rovide a set

of references for persons concerned,with secondiry and elementary school mSthe-7
,matics teaching. ,We feel that this volume

1

of reviews is within the intent of 4*
the series. For surely thesere/iews are- of interest to teachers, supervisors,

7

. .
'graduate students,and,tollege teachers. .

The five papersfrvary and emphasis. This is Partly,because the

papers were originally prepared for diverse audiences, partly because of the
naturenature of the respective, resdarch areas, and partly because of.the differento

c-.; orientations Of the authors. We feel'a very important characteristic pf these,.

reviews -is that they are up-to-date. They are reviewof material up thrpugh
early 19e9'iU eech.bf the'ereas. Taken together, these papers -4hoUth

I

.. .. °.t
written forxlifferent purposes and different, audiences =, should gf,:re the read -.'''

_fr a sense of some significant current aotivities and trends ip research in
. % ,. .jm. ethematics e ,

education. . S

.

Ao .

Aiken begilihis paper. in connection with a seminarsnat met in SMSG.head-.
o ,'

vartersduring the academic year'1968 -69 while"he held an U.S. Office of
. , ... rEducation Post - Doctoral Fellowship. It was dompleteeduring the latter pa t of

's
' hisfellowship at the University'of ceoriia.° The paper is a review of the,,.

,. . ,
.' 'aerall on attitude0 toward mathematics during the past ten years,

:

btir iuClu4es --,

. .

. * . -. ..---. L' ^ . '
a very useful discussion of methods of, measuring attitudestOWard4Mathematics,,.° ...

F
.

'
,

,..

r'
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t
as an introduction, and incorporates brief statements AP methodology (e.g., use

of residual gain scores, use of cross-lag correlation)Ogithin the text. A

slightly modified version of the paper hag been submitted to the Review of ,

Educational Research..

In his review of classr;om teaching of mathematics, ,p74also includes a-
-.

sampling of the research in teacher'effectiyeness, programmed ipstruction, and

teacher education. His review seems to. draw on a.large number of doctoral
,/

stUdieg -, "methods" studies are popular, thesis, topics. Fey notes a flather

review

disorganized and scattered field of research with virtually no programmati re-

'search where studies lead from one to the next'in some sysiematic way. There

ifa pesSimism,)urgencyPand optimism mixed in hismea'sage: that has been.done

is meager and could be improved; this i'an'important.line of disciplined in-
.

quiry with the potential for an.improved mathematics instruction, andthere.

are some' guidelines provided which should lead to better studies. This 'review
4 ., Ir. ...t,

concentrates on research published dving.the past five years:
i.1

0. ,-,
.

Harrison includes a discussion of some Maj.or theoretical points in Ptaget-'
. , ,

ian studies at'well as a review of recentstudies. He concludes hit paper

with a brief discUson,of sample mathematics teachingpparoaches cdnsonant

wit a Piagetian point of ,view. Such ill'ustration's` of a line of thought pro;

1ce igrfrom theory Through experimentationto application are, all too rare in

mathematics education. ,
, J-'

4

Hatfield draws pn the literature about computer assisted instruction more,
t .

.4 teen 'research reports, This is appropriate to the.CgI'literature since it is
c

f ) rea
,;t. %

atively,new research area. Hatfield wrote his review for an audience'thal
, .

.

was p.rimarily ,t of the
. -

variou ° uses of computers, in mathematics instruction and illustltes The potfin- '
. I °,

tial-fer each use along with. the need for prpgrams-of research. s.

.Kilpatrick, in examining the research on problem tolving, ana.crealive 5h-

hiviors iiiMathematics, also fOund anabsence'of any programs f4researeh
S

,math maticseeducators. There were lines of investigation suggeeted
,

from psy

cbp ogi-ca7. research, 'sang Kilpatrick notes a need for more
, . .

ge erate hypaeheses for future'iliquiay:. Thig "review also

publIshed_duiiUg the ilasOive years. .

dlimical studiesto

doncentratea on stud-,

, A

' -Earlier versions o' . p ape rs by Aaridsqn,'Hatiield, and Kilpatrick were

"?' presented An -research 'rep orting sessions at 'the. 4 7th. Annual Neting 'of the
.

Ar..

,

dationaifc;uncil Teaehers ak Mathematics,,April 1969, ,in Mknneapolis. 'The -:,,,:..

r ., ,
4,

. peyland Kilpatriok Pers wirewire prepared-astreview chapters for.the .DctOber-1969 .

' 'iy .. : '.'t' i y. * - :
' . - '

, .:; \.
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;
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issueof the Review of Educational Research. Owing to spate limitatiore in

the'RER; tte chapters had to'be.drastically dirt. We thank Gene glass, editory , i.

of RER for granting permission to include the fUll versions,igh t tas volume.
le°

.,,As eaiitors, we must admit to contributing very little to this volume

ether than interest, enthusias1M, and a careful reading of the,:rianuscripts. Wdr

have done'onlyminor editing to briipg'some similarity of reference style to... ./ . \ \

. , r . .. -
the papers. Wiese papers .are the fore. more tentative in natae than would

been .

have been the case if they hall assed thrqugh a system of rigorous editorial..

review. Because the pipers are tentative, authors,wobid appreciate
\

t \r
corr/ekpondence with investigators 'who find the material useful and who with to, .6 ,

help
.

i7iiih:the furtherefinement of'ihe.ideaspresented herein. Ve commend

.
the authors for being willing to share their work with

.
a wider audience of ,.'

.., ,educators.Mathematics

*.
°

r
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ATTITUDES TOWARD MATHEMATIcS1

Lewis R. Aiken, Jr.

Guilford College

ATTITUDES.

inTher "Review of Research on PsychOlogical Problems in.Mathematics Edu-

cation" written:opproximateiY ten years ago, Rosalind Feierabend (1960) devoted

' About that same number of pages to research on attitudes toward mathematicm ,

iDining the past decade a number of published reports of conference proceedings

have been concerned with mathematics learning (e.g.', Hooten, 1967; Morrisett

and. Vinsonhaler,"1965),'but these reports dd not treat in detail research on

attitudes. Because the number OViispertations and pUblished articles dealing
-

with attitudes toward mathematicsgas increased geometrically since Feierabeud's

.(1960) report, it is time to reappraise our knowledge,of the,topic.

It has been stated that before progressive educatioweome on the sc4he mdre

school. failures were caused1by arithmetic tHan by any other subject (Wilson, '

1961). Even if progressive education has reduced the,number of,failures in
,

ithmetic and mathematics, it is debatable whether modern .curricula haveP

ostered more positive attitudes toward the subjectS. But how general are
,

. . -

these negative attitudes, what causes them? and wbat.can be done to make them

1. more positive?
Jr'

. Some years ago th4 members of a committee formed to study problems in

matheiatics education Asked these same questions (Dyer et al., 1956). Their .-

4
main conclusion'was-that more information was needed in order to give adequate

answers--information about biologicallinheri tance and home hAleground

pupil, attitudes and training of teachers, and the content, organization,

and adaptability-dr-the curriculum. A fair question is; What informa-

tion on the influences of these three types'df factors has research provided

since 19567 The purpose of this review is to answer that question as it per7,

tains to r esearch over the gait ten years. Feierabend'S-1960 review shoultqbe
.

consulted for a summary of earlier investigations.

The interpretation-of results depends to some degree on the measuring ,-
4

instruments employed in the research., Therefore, the review will deal first

. I

1
A slightly modifiedversion,of this pape4 entiqed."Attitudes Toward

Mathematics: A Debide of Research Reviewed," has been submitted to the
.t,

Review of Educational Researcb.
.

.
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with paper-and-pencil, observational, and other methods described in the recent

literature for measuring attitudes toward mathematics. Next,'stdies pertain-
.

k.ng to the distributign and stability of attitudes and'ihe effects df.attitudes
% .

on achievement'in mathemati6s will be considered. Then, with regard to th%

challenge.of Dyer, Kalin and Lord (1-956) referred to above, findings concerning

the influences on student attitudes toward mathematics of the home environment,

the perioniiity characteristics of the student, the teacher, and the school

cdrriculum will be summarized. Next, research and discussions of techniques

for developing positive attitudes and modifying negative attitudes will be

reviewed. In the final section of the paper, the inveStigationswhich have

. been reviewed will'be evalCated, end some suggestions for further research will

be made.

o Methods of Measuring Attitudes Toward Mathematics

''It has been maintained that there'ai4 no valid measures of attitudes toward

mathematics (Morrisett and Vinsonhaler, 1965, p. 133), but the fact remains'that

a number of techniques-10bme4of them quite ingenious--ar9 available to measure

such attitudes. Several of these techniques are desoribed,by Corcoran and Gibb

(1961), including (a) self-report methods such as questionnaires, attitude.'

scales, incomplete sentences, projectivepictures, and.essays,. (h)11.bserva-

tional methods, and (c) interviews.- It is observed that although the' majority

ofirmestigations have .dealt with attitudes toward mathematics in general, one

can also measure attitudes toward specific courses 0/ types of mathematics

problems.
.,

Observation and,Interviewr ; ' r
Observation is s_uiierfisially, t1ie most objective meaure

1
of attitude, but

r
'

Brown and Abell (1965) found teacher observation,to be, inadequate as a method

of appraising students' attitudes-toward mathematics. On the other hand

Ellingson (190) found a significant positive correlation (r = .48) .between
.

the inyentoried mathematics attitudes of "755 junior and -senior high school

pupils and teachers' - ratings of the pupils' attitudes.,

'Another fairly direct way of assessing,aritddes to ask be Apprl how

he feels about mathematics. This was the methoalused by Shapiro (1961) in a

semi-structured interview of 19 questions aimed at determining the feelings

toward arithmetic of '15, boys and 15 girls.' The pupils' attitudes 1;ere,

deteimined by ratings of the49b 'interviews ,made by three judges.

2
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ATTITUDES

sQue ti,,,s..naire' ttems $r--- -..

. . . ,.
.

Direger and Aiken (1957) administered the following three questionnaire

i ems t(:( a group of college students as a Means' of-dei4Mining their anxiety

r atti.Iudes toward mathematics. The students responded to each item with

le or false.
. 4

1,i, I am often nervous when I have to d8

2. Many times when I see a meth problem I just 'freeze up.'.
/.

3. I was never as good in math as in other subjects Cp%4346]..

More recenly, Kane (1968).conStrUcted another sort of questionnaire to

Measure attitudes tdward mathematics and other school subjects. The college-1

student examinees were instructed to indicate which of four subjects--English,
. .

mathtmatics,science, and social studies--they most enjoyed and were most

. t- worthwhile in high school, they most.enjoyed'in college, they learned the most

about in college courses; they would probably most eajoyfteaching, and they

were probably most competent to teach., Their attitudes toward mathematics

were(i.dicated by 'the extent to which mathematics was,preferred or selected

mover e other three subiacts.° Other examples of non-scaled questionnaire
-A.

items and more formal questionnaires such as those deuised by the semantic
4

differential technique (see Anttonen, 1967) coyld be supplied, but a more

popular - instrument for measuring attitudes.iS'the attitude scale.

Attitude''Scales

There are several attitude- scaling procedures, a few of which will be
'..

described-briefly.. In Thurstone's method of successive intgrvals, each of a

series of statements expressing different degrees of negative and positive 4.

attitudes toward Sbmething,isgiven.a scale value, the median of the scale

value's assigned to it.by a group of judges. A respondent's score on-a scale
. .

Consisting of a serieS of such statements is the sum -or mean of the scale

6 values of the statements whiph he endorses. .
1,

e0
In.Likert's method of summated rating$\, the respondent indicates whether,

.

.

/,
,

l
he strongly agrees, agrees, is undecided, di'sagreos, qr strongly disagrees*

.

with each- of .20 or so stnementsewessingp itive or negative attitudes
...

.

.- I

.. .

.
,_ .7/ , ,

toward-SOMethIng. His score on the.scaleas the. um ofthe weights (successive
. .

integers Such as 1, 2, 3, 14., and p7which ha a been_aNeignedto the particu-

lar
.

responses which he,makes. On both the Thurditohe and Likert scales, high
% .

/

scores indicaXe a more favorable attitude' toward the par4cular thing.

The Thurstone and Likert attitude-soaliDg techniques.are popular pro-

cedureg fo'r measuring attitudes toward mathematics, but a third meTbod for

3 i
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scaling attitude -Guttman ' s scalogram, analysis - -is employe* lesg frequently.
"

This is probably due toAbte fact that Guttman scaling requires a true scale,

in the sense that if the respondent endorses one item he will endorse,arl items

having a lower scale vglue;4Such_a restriction is more likely to be satisfied

'for cognitive test items than for,non-cognitivetems like attitude statements.

Example of a Thurstone scale. The,sdale of attitudes toward arithmetic

which has probably been used more than any other ,is Dutton's scale, (Dutton,
,

1951; 196'2). This 151item scale is-given in Dutton's 1962 paper, and it con-
.

sists of a variety of statements'expressing positive and negative attitudes

to arithmetic. It was originally constructed to,measure the attitudes of

,Prospective elementary school teachers, but it has also been administered to

junior high pupils (Dutton, 1968) and even as early as the third grade (Fedon,

1950. In Fedon's study (1958), thechildren indicated the intensity df their

attitudes with h color scheme, varying from red for.an extreme positive atti-
. 4

tude through yellow to convey a neutral attitude and to black for an extreme

negative attitig?..., Dutton's scale,,

sional in-thidiiferent statements

like many others, is obviously multidimen-,

assess attitudes toward dl:ffeeent aspects

of arithmeti,i:

.\

Example of a Guttman scale. In an investigation to be discussed in moreI .

detail below, Anttonen (1967) arranged 94 attitude-scale items into 15

Guttman- -type scales. The obtained score was to be representative Of theatti-
r,.

tudes toward mathematicsrof,fifth and sixth'graders and of eleventh end

. twelfth graders, a i*Sther wide range for any'psychometric device.

Examples of Likert scales. Likert scales are usually easi;er to construct

an Thurstone or Guttman scales, and therefore it is not surprising that many

iesearchers have, preferred tzis type-of.scale. tIn their book on attitude

scales, She* and Wright (1967) have included two Likert scales for the measUre-

meet of attitudes toward matheMaticsva 12-item,,modified Likert scale by

Gladstone, Deal add Drevdahl (1960), and,Aiken's (1963) Revised Math Attitude .

Soap. The original version of the 1,hen scale appears in an artioele by Aiken

and Dreger (1961). Alpert, StellOgon, and Becker (19631.described the ,quasi-s.

Likert. attitude scales,pse4,inl*National Longitpd?.nal Study,,of Mathdmaticatl.

Abilities'(NLSMA) of the Stanfprd-baled School Mathematics Stlay Group (SM$G)..
.

5
. .....

atti de-tyge items were,broken down
., , . t

pro4arithmetic composite,"'"aCtuall.
1.,e.. / _

ng ar4iey r,'- As, ,a Anal,ekamile
,

of:a

.Likert scaleDutiOn and Blum (1968) reworded the "stronges0,itemayom.
, ,

It

In the analysis of the 1ILSMA. date, 404
into" number of subcales, fgt. exam1

.

arithmetic self-doncepti" and "debility

Dutton's earlier Thurstone-4

-format.

3,

re\

scale and'formed-t.

lti =s
,

21.t Aikert-scale

4

, . .0. '

-



Other Measures of Attitude

ATTITUDES

Pealeign%(1967) texperimented with a picture-preference test as `measure

of pupil attitudes.and achieVement proneness in matheMatics. The pupil was'-
"resehied-with 310 pairs of pictures, one member of each pair,contsining a

mathematics concept, and told to indicate which of the two pictiwes he,pre-
,../-'-ferred. Ttie "math concepts" -included in4

the pictures were those of symmetry,.
......., . .

.similarity, order, and pattern. Attitude and achievement in mathemttids .

t

qo
asses'sedlin another way and compared with pupil' responses to the picture-pref-

. .
. .

-pref-
erence 'test. Although certain pictures dissripitated between4Wilswith

i
.

s...

,.

positive and negative attitudes and between puOlis with high and lOachieve0

ment, tAepiCtUres that were most disNinat'in with third graders were'not
., .

, . necesSari/ythe same ones tat were most discriminating with seventh.graderS.
1 ....

.
1.

In the usual definition'ef the term, an attitude is viewed

'cognitive arid-partly non-cognitive or
\
emotional. Therefore, it

as partly

would seem

-tent, could
,...

be obtained hy"me'asuring autonomic responsesito'seleCted, stimuli. Such-mea-.

surements are tootumbersome,for mass ..assessment og attitudes', but they'have

,

'that information abdut attitude., least ts,emotional compo

, .

.

1

beep employed in,reSearch. "For example, Drier and Aiken (1957) measured,

changes in electrical skin4eiistance (GSR).in 40_ college students while the,o

Verbal scale of the WechSler-Belleoue Inteiligence was,being

administered to the students., SAtistically significant dm's were obtained

during the arithmetic instructions and the arithmetic subtest of TheyB.-I, but

only for those subjects who had been independently identified ?as anxious about

mathematics.' - ,

Miiliken and Spilka (1962) measured breathinliodeph, brlathing rate,.blood
,,

pressure, heart rate, and GSR during thefilDt:and last. us, secou4s orthe
I ,

time that their subjects were ..,takin&.-eaell-fsul3test. of-tbg 'AmerfcatitOcancil-orl,

`Education PsychologicalExamination (ACE). The results showed that examinees.

who were low in mathematics -anti high in,verbal score On the Scholastic Aptitilde
t ,

-

Zest gave greater physiological responses 1yx4g adminration of the ACE,
I ;

mathematiCS tests. In addition, males in meral gere greater physiologidl

responses during the ACE verbal tests, than during the; mathematics tests, while,
Ar, ,4 ,

the reverse was true.forifemales,'=
,

xi

. . .

Grade Distribution' and tabirftPof'Attitudes N,/

A'The Elemeniery-Schobl Years E
i

,

It is generally recognized that attitudes toward mathematics.in adults can
i

be traced to childhood (Morrisett aitd VinSonhaler, 1965,'p. 132). There 1.6',5, : .
6

fa.
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...', . .
. , :,,,f., ,14,'"4: Th- ..

evidence thi..ij very. difinPteVitilicles toward arithmetic,imay be formed as early
,;

.... :`;;-,_ ,'..',/ ...' -..

.

as the thira*ade .&edOn,,3:458;.Stilight-, 1960), but these attitudes tend to
be mort45-444v4;han negative in elementary school (Stright, 1960). For .4

1 1 examples a sag4,p by Herniap (1963) of the suhjegts least preferred by a group
, ' .

,of fourth, fifth, and sixth graders found that Arithmetic was typically, an the
I ., V I

___ t , .. ., , _-: l ,,- 4Ta.dd le when subjects we're ranked fro& leagt to imosi."preferred.." '-For boys ,:,the - e,-,,- ,,

I # order of the five subjects, from-least-liked to inokt-liked, was English, sicial
studies, arithmetic, science, and spelling. 'or,girls, the order, from feast-.
liked to most-liked subject, was social studies, science, arithmetic, English, k0

.
,.

, ,and spelling. ' .
,

,
'

,.., -. . ..

, . .- ,
Indirect evidence of the grade distribution of mathematics attitudes is

,r.found in reports given by groups of college students majoring in edifation.

xi

ic""The Students stated that they developed their attitudes toward arithmetic -
throughout school grades-,from second through.twelfth'grade--but that the
intermediate `gradesfourth through sixth--were more inflaential,(Dutton,,,,J.962;
Smith; 1964; White, 1963). This seems-reasonable, 'because the'41,1re typically
the three grades in which arithmetic is stressed. most: In McDermott's (1956)
case stfudies5of 34 college students who were afraid of mathematics, the
majority reported having first met with frustrAtion in the elementary grades;

-the remainder stated that they*met difficulty when they attempted the use bf
.algebraic

Miter

through, th

mbors 'a9E1 'other highdr math concepts in, secondary school.
. t

/e.gtingly ough , there is'some evidence of a decline .from the third
'grade in the percentage of pupils expressing negative -atti-

"tudes toward arithmetic, (Stright, 1960). However the chSnge may be. due- to
increasing social' sophistication gn the part Of the pupils, or an increased
willingness to simulate positive attitudes because they have been lid that
mathematics is good for them and posiotive attitudes please the teacher. ,

01 .

Vie results of a nuMber of studies goint to the persistenceftfnegative

a .
The Junior-High-Schobl Years,
: I

; < ;

..a ittides towArd matheMatics a students ascend the academic ladder. In the
.traditional -;currtcult he jhRRRior,high school ,has been the ,pariod during which,9, . ;;;; .e; ; ,<algebra and other abStrapt:mathematics -VglaitroAiced;, d thi isthe; tine

during whidh man the writer's - friends .statel 'that- Alley-=t to dis-,
1. , vs J^like the subject. It.. is noteworthy that the greeteperoentage (4'0$0 of the ,,._- '

rosNe.cti.:ve teachera surveyed by Reys and'Delon (1968) list-es1413e,,,jun,i4vhigh- -, -'' '- / ,ci
school years aslhe perioa when their attitudes towandzarithmetic developed.'

.......-
Andeven,,under more qpntemporary modern mathematics curri.o.u17a junior high,,,, .

.s seems to be asritiCal period in the aeterminatien,p4attitudes toward,
mathematicS(Dutton,968)77. '`.

* c - t 6 A
)

rE,
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-

Attitudes toward new math. -Dutton and Blum(1968):made a survey of ,the

reaSOfis for disliking and liking arithmetic in 346 sblth-, seventh-, and

eighth-grade pupils who had been taught,"new math" for at lea'at one year.' The

most frequent reasons for disliking the subject were: working problems ou;
.

,. , .4, k ,, ..side 13faChopl, word prpbl.emsthatiwere frustrating, possibilities °fine 1' 1 , ?

mistakes in arithmetic, and too many rules to learn. Nairge percentage o? ." .

the pupils-agreed with the statements that'abithmetic should be avoid d when-

ever possible,. that one cannot use new mathematics in everyday lite, and,th ,.,

arithmetic is a waste time. favorable attitudes expressed'by pupils we

that working with numbers is fun and presents a challenge, and that arithmetic
, .

...
. .makes you think, is logical, and practical/

Dutton (1968) Agests.that there has been a decline during the past ten

years in the number of junior-high-school pupils expreSsing negative attitudes

toward arithmetic, but that a sizable percentage of pupils are still not sure. .

of themselves in the subject. The reyiewp notes, however tIt'Dutton's pro-.

cedure 'tee to compare the attitudes at a-grOdp)of 1011°r-big School pupils of
,

a decade ago with.thoeof a current group, a procedure which u oubtedly did
.

1143t result in'equivalent grOups.
.p 4

Longitudinal Studies Of Mathematics AtAtudes
p

,

. . -----7.---

Obviously, what' we need in order to assess the grade distribution and

.- stability 'of attitudes toward mathematics are,both cross-sectional andlongi-,

ttdinal,sur4eyst But one diffic5lty intobtaining thi information is the

possihle inaRpropri4eness of the same attitude measure a ifferent grade,

levels. Fedon's (1958)'use of a colorscheme for indicating intensity of
.

f 4
attitude in the lower grades represents an interesting attempt to extend down-1

/
).% ward a scale which was constructed for students on a mush higher level.

1 4
.

, Actually, there hive been very few longitudinal studies of:attitudes. An
1

unpublished analysis by the 'writer of the mean scores on the SMSG mathematics

attitude scales obtained by the same group of apprOximately 1000 children in. , i
1

,
I gradeefour; six, and eight revealed significant chauges"40.CrOgg de levels

, ,.
1 in mean on some scales, although these were ,not very dr ic.(data from,

,
. Wilson et aY .,.19§8). Anttonen (1967) administered 94eatitude items,

arrangea d into 15 Guttlphtype'scale, s. ,

.to
6. 07

,

f iifth7 'A..,O
:

sp th-grade.Miniper

'sota school children in 1960;' ;The SdalWwere readministered to a portioAtof,
- ,

the
same .gS21-1,PAP' YMIA....1*arivg,Php-YVere ':In'tlY'eiev4th'and twelfth

grades , resfectiv4i,Y, The corr tiom.batyeety hatteInktics,ettittdes IA elemen-
I 'tary and secondaty SchbOl was relati4ely low (average ,x, off -.30) for the

. .,
.

, , .
entire group,lor grades and sexes considered separately, and for fourl

.$ e , . ,, . ' I . ' .1

j- 5
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,
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'different pat

attitude sca

tic differentia

-

erns &f mathematicS coursework. HoW

e.administered imsenior high had a h
.

.

measure of attitudes adMinistere

. '

ver, scores on the Guttman

gh correlation with a semen-

during'the same period,

trtlitseema possible to measure attitudes toward prithmet.k or ,

mathematics as early as the-third grades but, as' n any interest pattern

affedted by development, such attitudes are prob ly not very stable in the- -

earlygrades. In addition, the preciseness with which pupils can express their

attitudes varies with level of maturity. Finall , it is clear that attitudes

toward different aspects of arithmetic and mathe

attitude" instrument's administered at different

maierialstc,he'aeOneA by rote, such. as the Mul

same variable as attitude toward word problems and algebraic symbols. Of more

.

atics are,measur%d by "general

rade levels. Attitude toward
4

iplICation table, is not the

importance than the, exact frequency-of attitude
.

however, are the causes and 'effects of thede at

v
-The-Relationshtp Attitude to Achievetent in Mathem tics

at different grade levelst,

itudes.

OlAriously,.the assesstent of attitudes -LOW rd maghematics wouldd3e of less',

performance in some way. Butconcern tf attitudes were pot thought to affect
, ,

assumiDg that dtituded do affectperformance,-
.

this-is thoug t o occur? Bernstein (1964) mai

are experienced fr a time they will lead to a:

pupil--a which will influence his exp

% with consequent of

(1962), an bearing

matical a ility,as

rigidity in mathematical tasks such as the Luc

'indicative of the rigidity which students mani e t
, Mt.

matical tasks:;which ca thet to be anxidus an

e reso'r'ting tb rote and inefficient methods, an
.

!. .

dishonest Means in order t pass (McDermott,. 1956
.

1 ,

and "giving up" observed i those who dislike mat

perseverance of those Who like. mathematics. Shap
p

severe toward solutions .o arithmetic problems
.

cts on actual performance.,

on this asgePtion, suggest4t

easured by a 15-item ques

hat are the dyna4cs by which

tained that if certain feelings

rticulaseiflcimage by the
.e /

.etation of future performance,:',,
. ,

ate ..Ecoleqed by Kempler

at Self-confidence inmathe-
. / tr-

nnaire, associated

i

,,a

s water-jar thst. Behavi s

toward fruStAatihg ma e-
,,

School hilren who liked.mathematici than in t o
e

i c

' / a group b pemore?,.ng pseVeri)ng than boys. I;
,

.

A siOilar analysis of the' relationships am
, f ,.

, 4

performahcewas made by Alpert et,al. 0.96i),

and performance as a kind 9f te-perpetuat.
\

i

hostile tow

re],ying on

. 'an contr

ematicd'is

ro (1.666 f
1 ) ,

was, higher

hot di.{

14ct,

7
end

,he ri(fidit

onStu tive
4

d
:;"

elemen+ry-

% as

pectaq fine , and

expectation,

a child',

f

ev 1 p

fect



s /cepti attitude s and anxiety are closely, related to this concept. The/ , ,

not nof a selfrperpetuating cycle linking expectation and performance is' ..
4

sistent wit4-the observation that the variability of arithmetic performance
. .

..,

increases as pupils proceeds through elementary school., That is, the difference

between the pobrekAlridlth0*-tt
,

Puplis be,corles*prOgressively ieiater 'C'Clark,

.. ,.

, 0 . .
1961) ,... . , ,

a , ....) A

',ATTITUDES

.
The relationship of attitudes, (which are integrally related to expecte-

-.

tions),.to performance appears to be especially important in mathematics. As an

illustration, the results of one study (Brown. and Abell, 1965) were that the

correlation between pupil attitude and achievement was higher for,arithmetic

than for spelling, reading, or language. lipt let td.examine,.by grade level,

the results of research over.the past decade on the relationship between atti-
.

tudes an& achievement in mathematics.
4

Elementary-Schoolqevel:

In a stud y-of the ettitudestowai'd-probleM so-1 U of Brazilian

elementary-school children, Lindgren et ,a1.*(1964)"4obtained
. -

cant poti#ve correlation between, prol5pm-solving attitlidls (Carey, 1950) and -

arithmetic achievement, and a positive bmtlgot significant correlation be-tweeri,

attitudes and marks in.arithmetic. Shapiro (141) found her interview-Measure

of attitudes* in sixth graders to'be Significantly related to grade placement on

the Wide Range Achievement Test, all parts of,the arithmetic section of the

4PCalifornia Achievement Test, and to school marks in arithmetic. In4-a.Lnothei,

.study, Anttorien (1067) obtained consisVfitly low correlations of math aWtude
.. . ,

.

scores with grade averages and with the arithmetic 'total scores on the Iowa

Tests of Basic Skint of fifth- and sixth-grate,puAls. Indirect evidence for
, ...

OM

a
o
relatiohship between attitude and achievement comes from a ury

_.

ey by Dutton

(1962), who found a low pOsitive . correlation between the attitudes toward arith-
..

metic in college students and their reported arithmetic grades in e ntary.

schoOl.
./

Quite obViously, th correlations between attitude and achievement in

elementary school, although statistically significant, are typically not very

large. In fact,one investigation of Sixth graders (Cleveland, 1961.).foun
e

?

'thatiattitude scale scores did not generally discriminate between high and low

41

achievers in arithm tic.' One difficulty with self-report inventories at the

.elementary-school 1 vel is the readability and interpretability of the attitude
, 7

instrument; anotheris'the self- insight and conscientiousness with which the

pupils fill out the in'ventory. Hopefully, these problems are not so serious at
, 7

higher trade levels.

O a-0 .
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Junior Hi h Schodl Level-
i

..

,,
,- .\ S arizing the results of a survey of 270 seventh-grade b s and girls,

,

, 1 .Alpertietal. (1963) reported significant correlations between in" / / .mathematics and, measures of attitudes and aaiiety toward mathematics. SimilarA
IXesAlts are giv,en by Degnan (1967),StePhens

j).960), and/ We;delin.(1966). In1 "
,,,---,la comparison f accelerated, remedial mathematiesAclassQ,'Stephens (1960) ..

administere Dut4ton's -attitude scale to4six sevent -grade and six eighth-grade.-
clas ei. /the mean attitude score of the acceler ted group was significantly
higher yan thai',of the remedial group. Therefore, Stephens concluded that

- atli fle scores might be used, togetherwith achievement test scores,or
pla ment in special classes. /

Degnan (196- 7) compared the attitudes and gene ral anxiety levels of '22
eighth '-grade students designated as law achievers in mathematics with those

.of 22 eighth -grade students designated,a6 higt achievers in mathematics.!

DuttOn's scale was the measure of, attitudes ,,,,and,Castened:a's
:Hanifest_Ahxiety. - ' . -- -

Scale 'the measure of general anxiety. Although it-was foupd thaethe achipvers.,
%. ,>

: ,_ ._. Were generally more anxious than the underachevers4tthE achievers Tlad much. ':
tiore,positiwe attitudes toward mathematics.:Aks8, obeh 't14 -students were asked,!

-.: ' to .r.st ti

ma
their subjeCtO in order of prefer4nCe'i the' gave the-2c

.

3.

.,,,../-Y

. ...
matiCs a significantly, higher ranking than the underachievers. Among other,.
things; the results of /this study show that attitUtle toward'arithmetic and
generalianAtety are not the same variable; e conclusion related to the earlier... 4

:
.finding of Dreger nVAiken (1957) that-"general anxiety's and "math anxiety"

,:ewe not the same Ibe study also demonstrates that,anxiety may act asva facili-
.

f' .-. ... tine factor i achievement, as-noted by Alpert et al. (1963) in the/kVA
.*

4. creriable .of "f cgitating anxiety" in. mathemehc: c
1

.,4

..-
,- High-School evel.

4 ..
.0

In hi longitudinal study of-.attitudes,.Anttonen (967) repdrted moderate,
cOrrefati nstof,mathematics attitude scores with mathematics. grade -point

i

.

averageSdnA standardlied
test scores-in,eleventh and twelfth graders. 4hieyg---

,

Ailig merit wa also greater for students whose attitudOs hatireMained favtoabliiorhad

;
1

, . ;-
. ,4

become 41orable
T'

since elementary school.
- ,

.

Coll Level .

i-

.
.

/.1'.. .

Dice perhaps to the greater accessibility of qUbjects,'it is not-surprising
i th isianSz_ investigators prefer to work with college students. 'Sande college .- .

1

AS dents, on the average, presumably have more ,positive attitudes toward aca-
. ,

.mic work than iheir'nonjCollege
mounterparts,ft would seem that the -7

41
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frequency of negative attitudes toward mathematics, and,censequtntly th, ari-q

ability of the distribution of attitude scores, should be lower for'col e
.y. ./

students than for the general population. If this is true, then one m

expect a somewhat smaller correlation between attitudes and achievajilent
i 1,

college than in high school. 311 the other hand, college students may f'll out
$ e

A. .41.

attitude
;''

inventories more conscientiously and with greater self-insight than

the population as a whole -- factors promoting higher attitude- achievement corre-
lations.

b
.

Some investigators have found rather low correlations betwedrtima hematics
, -

ATTITUDES

attitudes and mathematics achievement in college students. For example,
/ .

Harrington (1960) reported a statistical], insignificant relationship between
t

attitude and performance in college mathematics cdurses, although'he tldifind

that selection of a"mathematics course vs. no.mathematics course waS signifi-

' cantly related to attitude. Somewhat more substantial relationship
Is

between
,

attitudes and achievement were obtained by Dreger and Aiken (1'957)fand Aiken

dnd'bre-g-\(196I);"-In the Amer study,,, there was a correlation o .-:4,4

'tetween.. e final grades of 704 students in a freshman mathematics ceirite and
---,- --, , ,

,-:'
their scores. on a h -iteMinventoilr.ofsanxiety irr the presencd:Of mathe-::

.

.
. 4

matics- 1ff...the second-btu Aiken andand"Dreger, 1961), s core. sf on th Math

Attitude Seale contri5Uted sieificantly to the piedictionpf the f nal matha,---
matics grades of 67 collegle women when combined in a regrpssi4 (Illation with

C

.-

high school mathematicsvaverages and scores on the ,Verbal Reasoning and Numet:i-
1 . .

cal Ability tests of the Differential Aptitude Tests. However", the Math Atti-

tude Scale was not asignificant predictor for he 60-: college, men. Finaliy,

there' were statistically significant part correlation coefficients for both. ,

males (r = .33) 'and females -(i- = .34) between Math Attitude Scale scores

and scores on a retest of ttieCoopei.ativI Mathematics Pretest for C011ege Stu-

*dents, after initial scores on..tbe latter variable toad been partialedroUt:'

$
?Attitude as a 'Modems Variable
)

e e

r t , .

ThaAiken and-Dreger (1961) study is,an illustration of the multiple corra-
l.lation approach% . fiction, in which measures of attitude and ability were

. 1

combined in a regression equation to. predict achievement. A,second prediction
-

I
Iapproach is tolitliw attitude 4 a moderator variable and to 'determine the come-

t;.:.`

lation between ability and adnievement separately at eaCh of seeral levels of

" attic 40 Thus, it may be digeoverad that the correlation bei0ee4,ability and ,

,

,achievement varies with attitude. -,,
, .-

.
,,._

, , % , ,' ,-,.,1
4

I--. eristantieIlo/S study (1962) is an example of this moderator vdri b1
. '

.
-; ;.

approach. College sophomoreNtob (N 7-"' 264) were classified byarea,of-saajors,,-

:. .9.. A
. 11 i

1.9 .
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(bbsiness'administration, social science, natural science), and within each

of these areas further divided into three levels (high, middle, low) according

to their scores on'a scale of attitude toward mathematics. Then the correla-

tion betrieen 'scores

.

on 'a measure,.of Auantitatiye ability (ACE -Q scores) and

itatheMafiClIndri4S'ibund'separatel for,eacti of.the nine major areatX

attituA level groups.`-The correlatinnsbetween ACE-Q scores and mathematics
. . ...r. =.

grades iiere significanidly more positive'for students' with middle attitude

scores, and ;significantly lower fOr those With low.attitude scores. TheseC,
results could hot be explained by differences.among 4 groups In variances

., ,

., . .
7either grades or ACE-Q scores.

.

of,

Although Crigtantiello's results could bear replication,-they may be inter- 'A- "5
I/preted as 4ndicaqng,thatmethematical'abilify may be a less important detd+-

miner of theiac vement of students having more extreme attitudes toward mathe-

matics than Of thos haling more moderate attitudes. Related to these findings

is Jackson's (1968) conclusion:that:attitude scores i --the middle range of%

va1ues her little :rola ion
4

the eottremes-1--hi.ghly'posi iv

ment, in any significant,
A

exlidet.that in the mid

ability scores

dictorsOr determiners

An International Stud

to achievement.

e ,or highly nega

If Jack is

e.-e-attitude scores,-as was found by Criatan-

ether than attitude scores will be more accurate pre- "

. .

He m. tains that it is only at
l .

ec-that attitude affects' achieve=

correct, then it is reasonable to
.

of achievement.

Attltudes and Achievement

In an intenngiiktal
r

Of 13- and 17-year-old 7"ae

(Husen, 1967), extensive data

designed to compare the mathematics ac tevement

l'secondaryYstudents in a dozen'countries

erning attitudeis,'interests, and certain either
- -variables were also collected Thee of the five attitude scalds 4hich were.'.

$.
administered were described as measures of attitudes toward mathematiceras a

process, attitudes about the difficulties-Of learning mathematics, and atti-

- .

tudes about the place of inathemOtics ih'society.' One. of the findings concdrning

scores oithe first scale--a Measureof igi?-6 'IA to which mathematics is
. i ,-

l'tl,

viewed a's fixed, as'oppOsed to developing or!,C anging--was that in all countries

studied the upper-level
.

(older) students- 'considered mathematics as less changing.
its

than did the lower-level (younger) stbdents. There'was also a tendency for stu- .

:4,-,. 1 ,7

dents in countries' in which the "New, Mathematics" was taught to see mathematics

',as"more open and changing.
t

With respect to scores on the sAcond scale--a measure of the peralved

'difficulty of learning tilathematics--upper-level students tended o perceive

Mathematics as more difficult and demanding. Interestingly enoug , scores on

1.;-12
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th'ethird scale - -a measure of the perceived rol of mathematics in,contemporary

societyindib,ated that mathematics was viewed a less socially vital or

valuable by students with the longest exposure t

countries where English istspoken.

it and by students in

Some of the correlational results of this in ernational investigation'

were: significant negative rank-order Correlateons betWeenmeen mathematics

achievement,and mean scores across countries on th attitude scales; rather' -

small correlations betweenachievement and attitude within countLes;.moderate .

to )igh correlations between achievement and intere

In summarizing tIe results referred to above,,the a

cluded: "We may say, in general, that in those cou

high pupils have a greater tendency to perceivemath

.
plote id system, as difficult to learn and for an inte

implortant to the future of human society" [p. 45].

RelationShip of'Attitudes to Personality and SoCiallFactors

t measures within countries.
.

thor (Husen,'1967) bon- . .

tries where achievement it,

matics as a fixed and

lectual.elite, and as
.

.. t , t-. . /
Anxiety and' Attitude

. -"..--....
.

%Moo ' . I

%As'was noted above, an Att4tude is ethoiionar,as well,As"cognitiqe, so some,-
. ..

.relationship betweenma teaslite of attitudeand a measure of anxiety toward-a-
. ,

, _

partkcular school subj-ect'Should be expected. In addition, anxiety and atti-
. .

tude,i-hay be either general, or specific, pertaining to only one situatiOn or

event orto many. In this regardil5a dumber of Studies during the past decade .

.s.

have related scores' on CaStenedalls Manifest( Anxiety, Scald-(CAS)--presumably a4,hy-

measure of.debilitating anxiety--totperformance in mathematics (e.g.,,McGpwan, ,
e .-1p60; Reese, 1961/ TypicAlly,,"0.1,4i.:q5 Hays found,smafbut,statist,icAlly4 --; i, ,.,

.../

-significant negative correlations between Manifest anxiety and achievement,
, .. _

correlatiOns usually somewhat
,7lower .than those between ttitiid'i and achievement,,

- ,
,a

.. .

in d specific subject. Thus, Reese (1961) obtained a correlation of- ..k,,,
'' ..

,
...between CMAS scores and-the arithMetic achievement of fourth- and :Siklgrade

-,
. .,

,

girls, when IQ was partialled 'out.
. . .

'The
o

General'andspecific attitudes, ^The relati,onship between_attitude toward
A6.4academi w iPgeneral and Attitude toward mathematics in particular hasalio

been in tigated,, although.hpre there is 'an apparent inconsistency in the find,,,.

ipgs of. ('investigation. In a study 'conducted in Sweden, Werdelin_.(1966)
.

1!

administered a questiOnnaire concerning, attitudes toward school-work,and mathe-e-
mattes to, ninth graders. A cl6se relationship between attitudes toward school

e, work in general 'and attitUdestoward mathematicstwas reported. This finding"0
'contrasts with thaof Aiken and Dreger (1961): a test of independence *'twee;.;

,7 i
..14

17.
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e

Opa

.,:
.,-....- .scores 9f college students'on the Math,Attitg,ge scale nd the r. cores --on four

. -
. Z "4items desighed,to measure attitudes,toward$school work in gener

?.

was note ___

significant . 'here are several possible explanationi for the-fference-betweert. 4e.

the findings Ol the two investigation's: age level, nationality, and the meez ° '- 4
4 ',, :0

suring instruments were pot; equivalent. in thelt4o samples. Nevertheless, it is ..

0

*:

possible to construct. an inventory to measure anxiety, or attitude (Aiken and
0

s.Dreger, 1961) which is fairly specific to mathematics.. ,

'Intellect:11\7e Factors

Although it has been obserued that-general ability to learn is' assodiated

with liking for arithmetic (see Brown and Abell, 1965), typically, havel4atber

low measures of anxiety and attitudes toward school subjects, have rather lows.
correlations with measures of intellectual. ability- (Aiken, 1963; Dreier and . 7 :

Aiken, 1957; Lindgren et al. ; 1964). Dreger and Aiken (1957) found, for,ex4mple, .l'

..

that reported anxiety in the presence of mathematics had a,statisticall* insiv
.-

,.

nificant correlation of -.25 with...ACE Quantitative scores and 'a correlatfm.

f..,,,,_ of only -.08 with AtE:13inguistic scores. , Lindgren et al: ,(19t4) found neap 'Y.o'>o' ,

...

-'. , N.
zero correlations between Carey's (1958). measure of 4f 'proklemolvig ,attitude '. =. . . ,,, , , .

.
and- intellj.gence test scores in a group,of foUrth-grade pplls in', Brazil. For ','

_.'4.

ICI °.
a groUp of 160 college women, Aiken (1963). obtained an ihsignificant corfela-,i.
tin betwealleath Attitude Scale scores and' Scholastic Aptitude Test (SAT) Yer- , f:

bal scores :.bnt attitude scores were significantly correlated with SAT, Quanti-,'

tative scores ..(r !,-07) 0

P

'Two comments concerning these datA, may be 'made. Netnally,, one might expect
,.

.'attitude toward a specific,subject to be lignifScavtly related to a measure of ....

,ability in that subject. J` This is because measures of specific ability and . °h..

= '-'' -'-ipet`fii achieVehent-r n-a given area are *clos : ., ; ,-
.. A.1,1.

_j affects ,aUtittide and i;riCe versa. In addAio f/t ant correlation ofd,,....

.37 between attParee'and a Iiity or-the___ 60 women studen s in the Aiken

(1963) study is consistenOlith unpublished datac011ected by the writer demon- ; :,. . .
.

. ,,/'' t

strafing that attitude, scale scoresorare more highly correlated with both ability .

.t- 071-
°and achievement measures in the use of. females than in males.. The/reader will!

, __ P _ , . !

` --- also recall the "resialts of -an investigation summarized above (Aiken and Dreger,
*Ii'-. .,.

m
.1961) in which "attitude was 'a,si;gnif

:nt

predictor of- mathematics achieveent f
.% f,t

for females but not for males., The factor of sex differences, in attitudes to-.

ward matheriaticS will be discuSse:S in-More -detiil below.
. _ ,...

',--...

Social Factors
..-r t t

One possible aocial detertirner of attitude toward mathematics is ,the atti-oon.
.

.'
.

tudes of one's peers. Shapiro's (1961-.,findings indicate th,t peer attitudes

.

I.: .
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__'in elementary school may indeed be influential, especially in the -Case of girls.

The social influences of.parents and teachers will be treated in detail in later

sectlops,oftbis_review. Otherwise, the effects of social factors on attitudes

toward mathematicaw.appear to be re.laIjuill,unjaportant. -The fact that negative
.

math attitudes are not produced'by.only onetyPe of school system isIdocumented--
by'Mcbermott (1956), who found that the backgrounds of students who,mere afraid

.
of mathematics ranged fro6 dne-room rural schools to large city school systems.--: --- . .

Alpert et al.(1963) also referred to measures of.parental socioeconomic latus7
.

as-.being included in their investigation, but apparently they were not related'
-,

,A4 mathematics attiiudes.in 'any significant way: Lindgren et'al. (1964) reported

an essentially zero correlation botweeilsoCio nomic status- and Carey's (1958)
,

.
.measure of problem-solving attitudesvand Hung rman (1967) obtained negligible 4

, correlations between socioeconomic status and mathematics attitudes it a group '
. :

. of sixth graders'. i
.

-- ,-

.

-
.

',Although there is some evidence that higher mathemaiics. achievement goes,,

.-with'igheVsocioeconomic,environment (Cleveland, 196,1),,liathemataips test .

.

.,_ , 0 .
scores are, - usually not as highly relaped'as Verbal test scores to socioeconomic0

. ... .

status (Karas, 1964). Karas (1964) maintained that the hdme environment has a ,...e -

greater effect on 'performance. in more verbal subjects than in subjects such as.
se,

,
...,, mathematics that are more highly loaded with less familiar syMbblic eateriaf.,

.''Considering_ the positive relationship beiWeen,attitude
andachievement, one may.

Arr.generalize from Karas' findings that
socioetonomic Status and perhaps other

1.home factors have less effect on attitude toward'mathematics than on attitude
toward more verbal:subjects. The writer is not aware of any research specifi-.

cally designmkto test this hypothesis, but a number of studies have been ocin
'berned with 490 relationships of parental attitudes and encouragement to.student

- ai 5i.attitudes toward:mathematics.. ' -;

Parentalanfluences

4. .
Accordingto Poffenberger and Norton (1959), parents affect the ,Child's .

attficude and performance in tree ways: (a) by parerital expectations of child's
...

achievement; (b) by parental en' "uragement; (c) by parents' own attitudes. Ap .

,...

/
evidence for their hypothesis that the conditioning of children's attitudes

LA occurs 4n the, family, thqs,cite theyes5lts of a:Study df 390 Uhiyersity.ot. .t

ACalifornia freshmen, The students filled out a questionnaire
iuestionnaire concerning thPr '

.

. x
. ,

own attitudes and the attitudes 'and expectations of their parents. The findings
_...Were that the student6' attitudes towardimathematics' were positively related to'

bow' they'rated their, fathers' attitude towaed mathematics. Yrbe attitudes, of,
1---so-

the students were also related to th reports of the levelAof achievement in

2 9
.
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mathematics which their fathers and mothers expected of them. Poffenberg and

Nbrton (1959)isuggested that attitudes reported for mothers, were not sig

cantly related to students' own attitudes because only a small number of

dents indicated that their mothers liked mathematics.,

/ a
college students who reported a distant relationship with their father show a

a significant tendency to perceive their fathers as disliking mathema ics. In

contrast, students who reported a close relationship with their fathers didinot,

differ from the total sample of students in their ratings of their fathers'

un

''

. .

.In a further, analysis of self-report data, Poffenberger'(1959) fod tha

ft,

attitudes toward math s However, Poffenberger did not.interpret these dat, as ,

,

offering support for the hypothesis that attitude' toward mathematics is used

by the warmth of a child's relationship withqhis father--the masculine i enti-
/.i

'

fication model. 'Rather, the results were seen as being due to a geriera ized' '

.
.. 1 7 4

perception on the part "of students, viz.: children who feel that thei parents
I 'i

do not like them (since they are not close to them) ' perceive 'the paren S
I

as,

,negatiyely oriented to other. aspects of life as well, forisxamp/ ema hemagcs.

' The relationship Between masculine identification and attitude
/

tovar mathe,-

. matics will be treated in more detail below, but eevtral other studies
/

concerned
/

. with parental attitudes expectatioris should be reviewed f rst.

Aiken and Dreger,(1961) f6und'no significant relationships between Math
, . .4

Att4tude Scale acores-and student reports on the degree to w ich parents
.

emphasized and encourageOW6o1 work when the students wer children.' It

'is noteworthy that although-none of `the correlations for ma 1.e or feMale stu-

dents was significantly greater than zero, the correlation for females were

uniformly more positive than for males.
,

.

,, .

*
Thethreest.1,.

ipsre viewedabovewareconCerhedviittl-Ptudel
, . IL ,...1, .. F ^t. 1 IV% I k ,. 4, L. i. .1,, 1: 1.. A . A 4 l' A, I) , , r\

the expectations and attitudes of their parents. More direct information on ....-,

the relationships\of student attitudes to parental expectations and attitudes
. : . .

expectations
1 , .

,

was obtained by Al ert et al. (1963).and'Hill (1967), Alpert et al. (1963)

developed a parent I interview and questionnaire, to d termine the extent to

which parental attitudes andlialues are conaistent^wit those of the School'
I.

Mathematics Study G oup andtffect the attitUdes of their seventh:grgde chil-

dren toward mathematics. These were the results!: ,(a) student attitus,for
_

i

both boys and girls, were positively correlated Illth,t6 amount of Mathematics
I

1 ,

.education_ desired by (parents for their children; (b),boya' attitudes were
. . ,

positively correlated with thN.mportance which their parents placed 06 grades
, . .. .

and with parental dem nds for higher gradesorhereas,girls' attitudes toward

mathematics were negat vely related to the importance that their parents placed

..°

16
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on matheinatj.cs; (c) student attitudes for both boys and girls were positiy:Iy '

correldted with parents' views of competition as necessary in the modern world I

and as gtbd. An interesting sex difference also occurred with respect to. these

parent variables: Parents of boys who had positive mathematics attitudes tended
to viet the ,goal of a tuaor-high mathematicsIsprogram as "to aid the intellec-

tual development of the child"i'parents ,of girls who had positive'mathematic

attitudes tended to see the goal of a jilnior-high mathematics program as

"ability to deal competitively with practical everyday problems." Conversely,

the parents'of4boys withenegative- mathebatics'atiltudes saw the goal of a

junior-high mathematics program as 'ability to deaLcompetitively with prgcti-
_

cal everyday' problems," whereasithe parents of girls with negative mathematics.

attitudes tended to view the.goal as, "to aid the intellectual Development of

the child."

Hill (1967) interviewed the fathets and_mothers of 35 upper-middle-class-0

boys and'administered a questionnaire concerned with attitudes
, , 4InatiaS, :ro their s9s, He'found a greater similarity between the ittitudeseof- ,

mothersand sons,thdn between the attitudes Cf'fathere and bons.,The degree,40r, .4
of similarity in atitudes between mothers and sons was related to maternal

warmth, Use of psychological control techniques, and low paternal participation
r

1

in child rearing. Paiental attitudes and expectations for their sons were not

-.significantly related, but, sons did show greater accordance with the expects-.,
.tions of their fathers than with those of their mothers. The variables of

father warmth and debee(of participation in child rearing yiere positively

related to degree of sons' accordance with fatberS' expectations. Also, flther6

who had greater experAations of maculine'behavior in theit song_And who viewed

mathematics as a-malfuline subject ,had a higher level of aspiratiOn in mathe-

matics for their'sOns. Quite obviously, Pill's (1967) data cannotfte handled

adequately by the theory that positive attitudes'tord mathematics are due to

masculine identification. But.we need to look a little further into the data
.

. ,
.

1.:,4,4.:

)*
on d.' rences and masculinity vs. femininity of%interest before drawing ,

,

I q.), : - 11' i Al,
.

con usions abou fie'adequacyl4ta!LSezidentification hypothesis,
; , -:1.:. \_ 404-i , '')'' ''Sex Differences *...,..?_.470.*1-0- '?k - e `,

l

1 'A. .. i,. r ! t,
No one would deny that sex -den be an important moderator va iaIle, it the

.. c _ __ f--.- -----,-.......-1,4
, ,

prediction of achievement.from measures of attitudes and anxiety. no-results__
of several of the investigatiOnt-discussed so /far (e.g., Aiken and Dreger, 1961;

___. _

Reese, 1961) have suggested thallOpeasures of attitudes and anxiety'may be 'better

predictors of the achievement of females than of males. Traditionally, mathe-

matics has been viewed as more of .a man's'interest or occupation, and-, - ;

17
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consequently °Ile might expect that males would score higher than females on

*4' tests of ability and achievement in mathematics and on

towardmathematics. Rorms on the mathematics sections
,t .

Differential AptitUde Tests and the Scholastic Apti

scales attitudes

of ests like the

Tests do indicate

higher mean scores for males than for females at the high schlol leirel, a sex

difference which has been interpreted as being produced by .grater cultural

reinforcement of ipterest and pursuit of mathematics in males at the higher

grade levels. Although boys have traditionally been viewed as better then

girls in problem selving,(see Sweeney, 1954), one recent study fleleventh

gladers!(Meyer and Bendig, 146-1) found a superiority, on the par
%
of girls in

the number and reasoning factors op the Primly Mental Abilities Tesf.-, Two

recent studies of sex differences in arit etic at the elementary school level.
.

found no difference between the performan e of boys, and girls or asuperiority.

on the part' of girls, depending on the tes and the grade leyei'(shapiro, 1961;

Flozenoraft, f9t3):

n n
More specific to sex differeaces in attitudes toward mathematic* Are'

Sirigat's,finding (1960) that elementary-school girls-liked arithmetic better
II

than the boys, and Dutton's (1968) finding that girls.-and boys who had studied" .

,

"hew reth" were about equal in their liking for arithmetic:' On the other hand,

# in studiesl.at the college level_(Aiken and Dreger, 1961; breger and Aiken,.

1957), the reviewer has consistently found a significantly more positive mean
/

attitude toward mathematics in gales.
2

Assuming equivalent,saTples, the differ-

ence betwAn the results at theblower grade levels and at the collegedevel,may
4".

.

7, be duer as was noted above, to differential cultural relinforcement for males in

mathematical endeavors, beginning at the secondary school level. In addition,

any explanation of the discrepancy in results must take into account interr,

actions between the sex variable and accuracy of attitude,measures in the

ier school_grades, des'reto Please the teacher, and_rate of academic

Ituratioa,in general:

initi-TeminiatY of Interest

,.ode- A h& unccmmpn finding conlerning the interest patterns °ht. those iwho like
, 4. .

A %. ,.. i ,

and dislike mathematids ip that reported by McDermott (1956),,in a case -study ° +1

comparison of 34 college Students who feared math with seven students who
...

iier4-proficient.in the subject. McDermott'fognd that those who had developed
...

'
. . . ,.._._.

,

a fear of mathematics preferred pnglish, social studies,, and the arts, but

", 21 it'd~

--"751-e7rn;on Universi y
tge attitudes touardailifematics of 264 'FaiAeigh'

dents, Roberts (1969) reported nosigraficant sex
differences in attitudeS, but engineering students held more positive attin-
t'udes than students] in terminal mathematics.ptograffis,

18 0. f.
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disliked the definitene$s
of_mathematics."The students who were proficient in

rmathematics were critical of the vagueness of the humanities and were not
interested in.majoring in the area. A Nypothesis. related to McDermott's find--.
ings and referred to in FeierabehEs earlier review (10,) is!that jnterest and,
ability ix) mathematics'ere a consequence of masculine` identification. What
research tests of this hypothesis have there been since 1960?

As,a test of the above hypothesis,. LambertA1960).edrainisteeed the ACE, an
,ithmetic skills test, and the MMPI to 1372 U.C.L.A. undergradvates. ,GroUp

consisted of SO students in advanced mathematics or physics courseseand
Group I*I was composed'of 1292 senilor liftation students: .Contrary'tn the

masculine-identification hypothesis of Plank and Pkonk (1954), Lambert found no'N
Acorrelation between mathematical proficiency and MMPI Masculinity- Femininity

(Mf) scores in either sex in any of the groups. In addition, the mean Mf score,
of the 10 female mathematics majors was significantly morefeminine than that
of the 744 female education maiOrs. 'Finally, there was no significant differ-:

ence between the mean scones of the male mathematics majors, an& the male educa-
tion majors on the Mf scale,of the MMPI.

. .

the comparatively small'number offemale

the generalizability of the results.. In

intelligence was not controllpd and may have affected the results. For example,
the selected group of mathematics majors may have been more intelligent and,
therefore, perhaps more interested in cultural "feminine") pursuits than
typical persons with positive

attitudes toward mathematics.: Also, it'is unceria
.tain how representative the group of education majors was4ofIthe general colleg

As a comment on 'this investigation, 1
a
mathematics majors casts some cibt on

addition, the factor of .general

population;. a comparison group randomly Selected from all major fields should
0,.. , ,hiVe2been chosen. Finally) the!MMPI Mf scale is not necessarily the best meas-

ure of masculinity7femininity_ofinterests.
In any event a study ,tike Lam-
1.

, 1bert's (1960) is fafi,lyeasy to carry out, anlit should,be replicated and
extended, in light of the critiqpms made above, at other schools and colleges./..--

r i --I ---77-- --I -- Z"
. , -:. ,'in another test of the masculine
- identification hypothesis at ihe cbllege---

.1.
level, Cgrlsmith (1964) obtained student reports of the length of time that.

.
.their fathers had been absent` from home when the students were children. These

. time reports were compared to the students' s Ares on the Verbal and Mathematics

Sections of the Scholastic Aptitude Test ) and to the difference between
e PSAT -- Verbal and SAT-Mathematical scores. ''The results we that, for both boys,. . .

and girls, the longer the:father w s absent from the child during early; child-
hood, the lower was the letter's math score relative,to his verbal score. An......

additional finding was that if the father was absent,fo; a short period of time

AI*

1



** 17

}

AIKEN

durin-ga- b ay- adolescence, -the 'boy' mathematics scpre was higher than in '
cages where the .Eather was not absent at this time As a explanation of these

,

. .

resultsi Carlsmith.dismissedtheSpypothesis that separation from the father pro-
! ,

'duces anxiety and anxiety affects matheMatics pores More.than verbal scores,
..

4

He maintained tIlatthe masculine' conceptual approach, which is necessary to

harmonious associationachieve in mathematics, is acquired through close and

with the father. Certainly CarIsmith's investigation

(1960), bears replicating, because there is an appare

the results of the two studies. Again, however, one

, like that of Lambert
/

disagreement betWeen

st be cautiogsabout the

Method used to measure,masculine identification. As away pf,rinkini the

results of the Carlsmith and Lambert Studies, it may be depterest to deter-

mine.the relationship between father absence during early childhood and scores,
4

on a masculinity7femidinity interest.Measure such as the MMPI.lif scale..3

The purpose,of A study by Elton and Rose (167) was to test the hypothesis

that girls avoid mathematics because they view it as a masculine activity. It
3

was predicted that girls who had high scores, on the Englidh section, but -only

average scores on the Math section of the American College Test (ACT) would

show more,geminipe interests on the Omnibus Personals Inventory (QpI): ,In
4r,

contrast, girls with average scores on the AC.'Englishisirtlion and high Scores
. , r /

on'the AdT Math,Sectiorrthould manifest more masculine -iii

The scores on the ACT and API of feAales in the 1962:7 1965.

e7resteon the OPI.

!asses a

Urfiveisity Of-Xentucky were analyzed.. Students' scoreayereclaesified as lows,
\--.0 ,

averag, and. high on the ACT Mathematics and` English tests and_the,data on,

studeirts showing seven of the nine possible combinations (e.g.,

and low in mathematiceg low in English andaverage_ inmat)tematic

high in English

were re- 'r/

lated by Multiple discriminant' analysis to the factor scores 1
- r

OPT

scales. The results indiCatedthat girls in t_t,T high English - average fin at

, ,

matics group were more interested in cultural and artistic (i.e., moreemin
\

. matters,pwhesigg girls in the average Englir-high Mathematics A
3

rp- up had_ orm
. _

theoretical aficrfewer esthetic (i.e., more masculine) interests. The differ-

ende between masculinity-feminity ofinterest was.k.so in the predic& dirnn

tion for the "lOwEngli-h-averige mathematicsand 'average English-low mathematics
D i

groups, the former grOup show ng,, more masculine) interests on the OPT than the

! ,

3Another interesting hypothesis of Carlsmith (1964) is that.apiitUde or,'

mathematics is-fairly well established by the fourth grade and high resistant
to.ohange during subsequent years. But mathematics aptitude is cer#inly not .

a unitary factor, and the different mathematical abilities presumably, mature at
di 'fferent rates and are differentially affected by experience. A orough longi-'
tudinal study is needed to trace the 'grqwth of various mathematical abilities
from preschool onward, assuming that appropriate tests of such abilities can be

, ,cconstructed.
'

)
l 7 ,

7
'

)

, * ;' 74, f
4. . 20 ?, t,
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latter group. Thus, as in'the Carlsmith (1964) study, masculine identificati90
or masculine role, was a predictor of large differences,between verbal and

mathematics scores on acollege entrance test. The findings of Elton and Rose

(1967), *wever, are perhaps m)re easily accepted and interpreted than those

.

of Carlsmith) becausetheN002mot require that we reachback t, an event in a

person's early childhood as an explanation of.the difference between his verbal

and Mathematics score; on a college admissipns test, Many of the items on the

.0P1 concern interests in readings science, and other verbal - related and mathe-

-lhatics-related iurglitts. Andt is- not surprising that girls'with more verbal-

related (viz.,.uLltural") interests, as measured by the OFI, shOuld also have
-

higher verbal-ability than mathematics-ability scores, whereas girls with more

.mathematics-related (vii., ecientific, theoretical) interests should have higher

mathematics-ability than verbal-ability scores. It is not necessary to argue

whether the scientific-theoretical (masculine) interest or the mathematics

ability came first, 'or whether the cultural (feminine) interest or the verbal

ability came first. The two factors--interest and ability--form,a mutually
reinforcing. system. There are obviously many other factors that enter into the -

equation, put in general people tend to like those things which they do well;

and perhaps to a more limited e)etent, they tend to do well in those things
1 . r

, 1 ./they like.

/

Sex role-is only one of the personality variables which are related to

attiAde toward and performance in mathematics. Obviously, there are many

sources of within=sex differences in attitudea. These differences
i
in attitudes,

. .
.

arecertainly related to differencei in ability, but they may also be related

. to other personality variables. ,In 'addition, it maybe of,intetest to review

''some of the investigations concerned with the relatiOnships between achievement

in mafhematics and personality variables other than sex role, since the results
-may shed' some light on the dynamics Of attitudes toward mathematics.

Other Personality Variables-

Correlations with attitudes. In an initial study employing tile Math Atti-

tude Scale, Aiken and-Dreger (1961) found little relationship between mathe-

patios and scores on the seven scales of the Minnesota Counseling Inventory

(MCI). The MCI Leadership, scale had the highest correlatiOn with Hatt) Attitude

scores for the 60 college men (r = -.21), and there was a low but signifi-

cant positive relationship betweelethe Math, Attitude Scale Scores and the MCI

Adjustment to Reality scale : Scores of 67 college women. MOre'eVidence of the

. /

I
n

'

,.21.

sr,.
. ,'

11

relatiorlehips of mathematics attitudes to abroad constellation of personality

variables was obtained by Aiken (19U): For 160 college scores on the. .

,, ?

\ t. \ %

: If ,
'
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, . .

Rsvised Math Attitude Sc

total of 40 scales on

logical Inventory (CPI)

and the Allport-Vernoy

Mathematical test we

ignif
CPI Dominance, CPI Se'

tual ;Efficiency, 16

interpreted these re

Math Attitude Scale, wi

socially and intellect

theoretical interests

Correlations wit

pages of her review t

ere /significantly correlated with 1.5 .out f a

personality inventories--the hOl

iXteen Personality Factor Questionnaire (16 PFQ),

Study of Values,(SV)%,When scores on the SAT:- -

ielled out, six of the 15 ,correlations.were still
, .

the correlations between mathematics attitudes and,
.1

rol, CPI Achievement via Conformance, 4I Inteflec-

ntegration, and SV Theoretical Scale. !Aiken (1963,

s as demonstrating that,high scorers on the. Revised

h mathematical ability controlled; tend ti) be more

in mathematics. Sinc

while to summarne br efly the"results of two Studies on the topic Which have

been completed since 964: In a
(

study of sixth -grade pupils, Clwieland (;.96)

ally mature, more self-controlled, and to-have more

Ahan low scorers on the scale. Ai

achievement. Feierabend (1960, pp. 21-23) devoted three

research'relating personality variables to achievement

achievement and attitude are related, it may be worth-,,,r,

divided the group,int'o thrfe IQ ranges,: 75-89, 90-110, and 111=125. Although
. , .

scores on the Califor is Test of Personality (CTP) did.not significantly dis-
.

criminate'between low - chievers and high achievers in'mathematics.among chili,

dren in the 75-89 and 111-125 IQ ranges, there were several significant
..

differences.in personality test Scores between low and high achievers in he

90-110 IQ.range: 'High achievers, in the 90-110 IQ ranges had significantly .
,

.
higher scores tha low achievers on CTP'Sense of Personal Worth, Sense of Per

,

sone]. Freedom, An Community Relations.. The investigators interpreted the lack ,

-

of significant diferences in personality between low and high achievers in the

75-89 and 1117125\ IQ ranges as being due to the greater influence of in-,.
..* , )

tellective fact rs in these rangei.H , ,----..,\

i

-
.

Collectivel , the findings of studies relating personality variable
0 f

J

.
..,, ,.,mathematics attitudes and Mathematics achieveMent indicate that individuals,

with more positive attitudes and higher achievementYiend to have better personal
. .

and social adjustment than thosa with negative attitudes and low achievement.
f.,

These results must be kept in perspective, however. The Correlations are rela--M lz,
,

tively low, andat is a truism that correlation does not imply causation. Per-
t..

sonal-social adjustment, attitOdes, and achievement not only interaot with each
.-... .

other, but they are the effects of other home, school, and community variables.
,. .1.

Recent research on the home variableshas already been examined., so we now ,turn
...-

t'o the school and especially to the teachers of arithmetic and mathematics.

'71
,

2 30,1



Teacher CharacteristicsAtti udes, and Behavior
**Je

It iiwratHir generally held that teache

.partl.cuiar,subjectare important determiners

ATTITUDES

attitude and effectiveness in a

of Student attitudes and per-
c

formance in that subject. As an example of es,earch bearing on this supposi-
'tionc Torrance et al. (1966) studied' 127 sixth7hrough twelfth-grade mathe-
matics tdadhers who participated in an experimental program to evaluate SMSG

instructional materials,.1Pre- and posttests of educational and mathematical.

progress,'aptitude, and attitude were administered, with the'resultthat tea-
cher effectiveness had a positive effect on student attitudes toward teachers,
methodsand overall schgol climate.

r

It is also true of course that students who do not do well in a subject

may develop negative attitudes toward that subject and blame their teachers
for their failures, even when the Teachers ha;te been consci4ntious. Thus, it
is possible to interpret the findings-ef Aiken and ; eger (1961) as being due:

'

as much to "sour grapes" on the part of the students as to objective character-,

istics of their mathematics teachers. A result of this investigation was'that

collegd men who disliked mathematics,
as contrasted with those who liked mathe7

matics, stated that their previous mathematics teachers had been more impatient
and hostile. College women.who disliked mathematics, in contrastlto those who,

liked mathematics, tended to view their previous mathematics teachers as.more

impatient, not caring, grim, brutal, dull, severely lacking in ,knowledge of the

subjectand not knowing anything about how to teach mathematics. In many of

The correlational studies to be reviewea below, there will be a similar"problt

of deciding which variable is cause and which-effect, or, as was discussed

above, whether the two variables form a mutually reinforcing system. In spite-
of the difficulty'^of making clear4nterpretations, the, results of these lei/esti-

gations may stimulate more controlled research on'the topic.

Interactions Between Teacher Attitudes and Student Attitudes

Garner (1963) administered an;inventory-of

45 first-year algebra,tfachers.and their 873

American_ pupils in a Texas school system at the

attitudes toward algebra to

Anglo- American and7 290 Latin -,.

beginning and end of the school

year. .Standlmis in beginning attitude's', in judgments concerning the practical

value of algeb3a, and in algebra achievement were significantly higher -in Anglo-
,

American than .in Latin-American, pupils. Significant relations were found
7 .

between: (a) teacher's background in mathematicS and student achievement in
algebra; (b) teacher's attitude toward algebra-and students' attitudes;

-(c) teacher's-and students' judgmentsloncerning thelractical value of
algebra; (d) teacher's attitude and changes in attitudes toward algebra in the /

Latin-American students.
.

r.
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Peskin

standing, of

students in

(1964) studied the relationship of:teacher attitude and under-

seventh-grade mathematics to the attitudes and understanding of

nine New York City junior high schools. Correlations were computed

between the scores of teachers and students on six tests of altitude towardand

understanding of arithmetic and geometry. The correlations between teachers'

and students: understanding of algebra and geometry were-significIntly posi-
-

tive, as Wer the correlations between teachers' understanding scores and.stU-

dents' attit des. The relationships of teacher understanding and attitudeto

student achi vdtient and attitude were complex. For students having very high

or very low levels of achievement, the correlations between teacher under-
.

standing and student
%
achievement were significantly positive in the cases of

both arit4metic and geometry. On the other hand, the correlation between

. teacher understanding and student attitude was significantly negative for the

very high level group in geometry. There was also an interaction between tea-

cher attitude and understanding, in that teachers with a "middle attitude and

a "high" understanding had students with the best scored in geometry, but tea-
,

chers with,"high" understandin and "low" attitudes had st entd with the
.

poorest achiev dnt in arithmetic and geometry.
, t

Cross -egged panel correlation. These results pose a in the "chicken- ,

egg" dr cause-effect question referred to abOve. In short, do teacher atti-

tudes and achievements affect student attitudes and achievements or vice versa?

Simple coprelatton analysis cannot ans4this question, but. there is acorre-
,p,o,

,: ,

corre-

lational procedire which may give some information on which sourcelhe pupil

. or the teachel"--has the greater effect on the other's attitude and achievement.

rrL44'`

Cam bell and Stanley (1963, pp.' i -70) babe discussed such a design involving

ti as a third variable, which they refer to as,"cross-lagged panel.correla-

tion7" As an,illustration of the approach, suppose that an attitude scale

administered to a group of teachers and their students at time 1 (pretest)

and readministered at time 2 (posttest). Then the correration between tea- 4.

,chers' attitudes at time 1 and the means of the attitude scores of their

students'atttime 2 6
12

4) 16 computed as well,as the-correlation between
4

teachers' attitudes at time, ,2 and the means of the attitude scores,dftheir

stbdents, at time 1 (E,,). Then if rl,z is significantly more positive than

r
21'

this is evidence that teachers' initial attitudes had a greater effect

on final (mean) student attitudes than initial (mean) student attitudes had on

final teacher attitudes. ;On the other hand, if r,, is significantly more

'positive than-
.

r12'
this is evidence that initial '.(mean) student'attitudes had

a greater effect on final teacher attitudes than initial teacher attitudes did
..

2!+
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on final' (mean) student attitudes. A similar approach can,be used tb study the
seffects of'teacher attitudes or achievement on student achievement, or,vice

versa. The data collected by Garner (1963), where teachers' and studentS'

attitudes and achieVement were measured. before :and after some treatment time

"'"N
Interval, lend themselves.to this sort37of analysis.

Other data conc04ng the relationships between teacher characteristics

and student attitudes were reported by'Alpert et al. (1963). They found that
boys' attitudesattitudes "--Lward matheNktics are more positive when the teacher is more

theoretically-oriented and involved, regardless of the teacher's sex,. However,'
there was an interaction between

teacher-pupil gender in terms of the effects
on Student'attitudes of.more subjective, interpersonal factors-such as psyCho-
social_concern. These interpersonal variables were found.to have a greater

,

effect on pupil attitudes wheripupil and teacher were of, the same sex.

Teacher motivation.cues. 'A more recent investigation of the effects of
perceived teacher behavior on level ofstudent achievement also found some
important sex differences. White and Aaron (1967) classified 185 high-schObl
junior 'and senior students as achievers, underachievers, and overachievers_bu.

the diflerences in their' percentile ranks on, the Scholastic Aptitude Test-
Mathematical and an objective mathematics achievement test administered at mid:
semester. The students also took the

Alpert-HaberAchievement,Anxiety Test and
an opinionnaire designed to assess stude'nt6' perceptions of the classroom

,

characteristics
t
of their teachers. This procedure was an Axtension,of the,

McKeachie technique for obtaining measures of four types of motivating cat

used by the teacher in the classroom--cues for achievement, affiliation, order-
liness, and test and feedback. The data for the six student groups (male and
-female underachievers, achievers, and overachievepS) were analyzed by multiple-

/.
discriminant analysis of.the four.measures 6f-teacher-motivating cues and two'
student anxiety variables. The results sHow that, in general, girls were more'

sensitive than boys to the motrve7,arousing cues of their tea,ers;,and,girls

were also significantly higher oh debilitating anxiety. Girls-in all three
achievement level groups perceived alowgr numberof teacher-achievement,cues
than s, and there were no significant differences among the three groups of'
gir

"IPPO
this variable. White and Aaron suggested that teacherrachievement

cues were-less effective with girlsbecause the'girls,may already have been at
an optimum level of achievement motivation. Other findings were that high- °

achieving studehts seemed to be more perceptive of teacher cues emphasizing si
grades and'success in mathematics, but underachievers perceived their teachers,
at less

highly,achievement-motivated., Underachieving girls tended to perceive
more affiliative,'friendly, warm cues'and fewer achievement cites from the

,
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teachers. Finally, girls in general tended to be more responsive to controlled,

conforming behavior on the part of the teacher and to reacE more to extrinsic

rewards and punishments from the teacher.

Reasons for Liking or Disliking Arithmetic Among Teachers and Prospective

Teachers

Assuming that teacher attitudes can be communicated to students an'd'can
,

affect the attitudes and, performance of the latter, it may be of interest to

determine whasi percentage of elementary school teachers like4or dislike arith-

metic and what their reasons are. ." 6

Stright (1960) Concluded that a large percentage of elementary teachers

really enjoy teaching arithmetic and try to make it interesting. But the

teacher's age, education., and experience apparently had little effect on her

,. attitude toward teaching arithmetic, It. is a reasonable observation, however,

that the attitudes of elementary teachers toward mathematics are typically less

pdsitive than those of secondary school mathematics teachers (see Wilson et

al., 1968, No.-9).
.

Following a research program initiated some years ago by Dutton (1951)-, a

number of studies during the past ten years have been concerned with the atti-

tudes of prospective elementary teachers toward arithmetic.

trj.b.L.A., Dutton (1962) found that ,38% of 127 elementary

had upfavorabld attit toward arithMetib. More recently,

(1968) reported th

cation majors w

Dutton's study

wordAproblems;

with faVorab
.

practical

In a survey at

education majors

Reys and Delon

only about 60%, of the 385 .University of Missouri

they surveyed had favorable attitudes toward arithmetic. In

1962), those who disliked arithmetic gave reasons such as:

boring work; long problems; dull; lack of understanding. Those

attitudes pointed to aspects of arithmetic such as: useful,
1.

pplications; definite, precision,of concepts;.fun just working with

numbers. One shortcoming of Dutton's study'(1962) is that he attempted to

draw conclusions about changes in ettitudes'Over the.years since an earlier

survey was conducted by using non-equivalent samples. .If one finds thAt a

current-sample of prospective teachers fills out an attitude inventory differ-

ently from an- earlier sample, it could mean that attitudes have changed in the"

intervening years. An equally likely explanation, however, is that the differ-

encesences re caused by samplinOrrors.
,rt

.

In study qu e similar to Dutton's (1962) and suffering from o the

,same limitati s, Smith (1964) compared the attitudes of 123 prbspective .

teachers in the early 1960's with.those reported by Dutton for another group,

ten years before. Among the. reasons that Smith's (1964) subjects gave for

26
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, -
. --

disliking arithmetic were: lack of understanding; written problems; poor
e.

, teaching; ilUre; lack of teachet., enthusiasm; too much long Work; afraid of it.

(

4

'
. .

In another survey of prospeCtive elementary school teachers' reasons for

liking'or disliking arithmetic (White, 1963), themost frequent reasons given
-- -1' for-ditIiking the subject were: working word problems; specific such as

9,..--Z ,

division, fractions, square roots, and 15:41; cents; the manner in which arithmetic
.

was taught in elementary school. ProsPective'tegchers indicating more favorable
-..4.6.

.

M_ reactions to arithmetic, who were in the majority, gave the following-reasons
tp

for liking the subject: its challenge; its practical-application;wit exact-,

- ness; appreciation of specific skills; solving problems.
-

* s .

The reasons given in these threes studies ( Dutton, 1962; Smith, 1964; and._-..

(

White, 1963) for disliking arithmetic are quite similar. Some are stimulus

variables- -word problems, routine, bOnng work, inadequate teachers
4
and some

_ .

are organismic or response variables--fa ilure to understand and'fear. A good

estimate is that these represent the reactions of approximately one-third of

prospeCtiVe elementary school teachers, and perhaps of college students in4

,, general (Dreger and Aiken, 1957).

Relationships of Prospective Teachers' Attitudes to Their Training

Several investigations have dealt with the relationship' between the atti-

tudes and achievements of prospective teachers in teacher-training courses.

Unfortunately, the majority of these investigations have employed experimental

designs that were inadequate for answering the questions that the investigators

--, posed. The most popu lar designs--the one-group, pretest-po,ttest design and

the-Static, two groups comparison--suffer from somerhat different, but equally

-"telling, fdiluret of control (see Campbell and Stanley, 1963). Therefore,the

results of these investigations should be viewed as heuristic but mot C6holul

sive;

An example of a pretest-posttest study having'no control group is that of

Reys and Delon (1968)', in which the Dutton Attitude ,cale-waS administered to' ,

386 Univerkity of Missouri students before and after they took one of three
a

courses in mathematics education. /The researchers found
i significant decrease

. .4.

from,pre- to posttest in theercentage of students agreeing,with the following

statements on the attitude scale: !'"I avoid arithmetic because Lam.not,very,4

Abd with' figli;rea," and "Iamafraidofdoing An-increAewas
observed in The percentage of students agreeing with the statements:. "Arith-Y

metic is very interesting," and "I like arithmetic because it is practical."
.
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Dutton (1965) used a one-group design to astess.changes in both attitudes

land achievement.resulting from intervening instruction. The subjects were l60

prospective elementary school teachers, who were administered an 'arithmetic

comprehension test and an attitude scale as Pretests and posttests. Although

mean posttest score was signifioantly higher than mean pretest core on the

arithmetic comprehension -test, the rise in mean attitude scale scorsiwai inSig-.

nificant. Dutton noted that 25t- of the prospec4ive teachers maintained their .

Unfavorable attitudes toward arithmetic in 'spite ofthe instructions.

A similar design was employed by Purcell (1964), who was concerned with

the relationships of attitude change to increased undeAStanding of arithmetic

concepts and to grades in an elementary arithmetic Methods course. Although

pretest scores in understanding cqncepts were positi4elY correlated with atti-
,

tudes and with grades in the'afithitietic methods course, there were also a num-

ber of negative findings. Pretest attitude scores were not significantly

related to grades in the mpthOdi course, c ange in understanding of concepts

was not significantly related,to c attitude or course grade, and change:.

in attitude, was not related to course grade. However, there werd significant

improvements in understanding of concepts and in attitudes toward arithmetic.

In still another study along the same lines, Gee (1966) gave pre- apd .

posttests of'basic mathematics understanding and attitudes toward mathematics

to 186 prospective elementary school teachers in a required mathematic cc:m-
e

tent cOurselt Brigham Young University The following results were reported:

(a) a significant improvement -in attitudes toward mathematics and a'gaiwin

basic understanding of mathematics by the students while.they, were enrolled in

the .course; (b) a significant correlation betweenpreteSt attitude and final
,

grades; (c) non - significant correlations betweeli pretest attitude and change

in understanding of mathematics; (d) a non-significant correlation between,

changes in attitudes and changes in understanding, of mathematics.'
, -

Attitudes and,Trainttg in Experienced Teachers

In order to assess the rektionship of amount of teachers) training:and

experience to their attitudes and understanding in arithmetic, Brown (1961)

compared measures of attitudes and achievement in experienced and. inexperienced

teachers. His findings were "that the experiencediteachers,had more p'sitiy

attitudes toward arithmetic and a better understanding of ba icxarithmetic con-
. 4,

I-

cepts, but no significant. relationship was observed between
*05

of teaching experience and either attitude or, ,understanding

Todd's ('1966) purpose was to evaluate the effects'of a

matics for Teachers," which was_taught in various locations

.0
I 28 .

t e 'number of years

e e

course, "Mathe-

throughput the
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state of Virginia in 1964, on attitude toward arithmetic and change in under-

standing of mathematics. He concluded -that the course produced significant
. . .

changed firattitudes toward-arithmetic anti in arithMetic understanding for the

teachers who completed the course.

A Note on Gain Scores I, 4

y be well-to insert a note on gains or change scores at this point.

`Since simplePosttestlinus pretest difference scores are correlated With pre-
..

test scores, initial level of ability, achievement, or attitude its not con

trollea when simple gain scores are used. One procedure for eliminating the

ocorrelation of gains with initial scores is to compute, as a measure of gains,

the residual deviations of individuals' 'actual posttest scores from their pre-.

dicted,posttest,scpres. Thelatter are estimated froM the regression equation
.

ecr t. predicting posttest scores from pretest scores. In a discussion of this

procedure, ThONdlke (1963 notes, howevpr, that one named nottactually compute -

such residual gain scores ip order to apply the concept. A more direct approach,

is to first find the correlations of pretest and posttest scores with each ot er

and with whatever variable oqe desires tocorrelate with the gain scores.

the part correlation between posttiit scores and the third variable, with pre-

test scores partialed *.of'the former, is computed (see Thorndike, 1963;

pp. 72-74). A similar technique may be used in comparing residuargains on

one variable to residual gains'on a second variable

One difficulty. with residual gain scores is the "ceiling effect":
.

examinees with high predicted posttest scores will not a abl* to surpass their

predicted scores as much -as those with lowtr predict posttest scores,

Actually,' there is no 'completely satisfactory way to' measure gains or changes,,.

sLbut residual gain scores and the associated methods of part and partial corre.,-

.lation are preferable to simple gain scores.

Two -Group Designs_ _ _ - --

. -41.....
-,\

The two investigations-summarited below used a,two-group design, which.

allows for more.control over ektraneous variables than the one-group design in,
1 .

determining the effects of particular treatments. However ,fin the studies to

1 ke reviewed, the subjects were not assigned at random 'to the two groups;

f attempts were simply made to ascertain that the two groups did no,t differ on
. variables extraneous to the purposes of the investigat ions.. .

li
se .t 1,:w .,

Tice (1964) was interested in determining whither formal-instruction in

modern mathematics, influences teacher attitudes towel-II modern mathematics and

toward mathemStics irigeneral. lie mailed out questionnaires ConCdrning eperi7.
I

.ences with modern mathematics and attitude 'toward mathematics to a large number ,

.14
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.of elementary school teachers in Oklahoma. Four

were analyted by analysis of variance, chi square

cedures. From the results, Rice concluded that eachers who have had forma.l

instruction in modern mathematics have more favo able attitudes toward modern

mathematics' and toward mathematics in general t an teachers who have had no

such training. Among the teachers who reported having had training.in modern

mathematics, there was.a significant differenc in the attitudes toward moder

, .

c

red of the 608 replies.

and other statistical pro-

mathematics ip favo of those who had taught i

toward modern mat emetics were also more favo

-sreining in modern mathematici and among thos

a modern program. Attitudes

able among those who had more

with more than four years of

college. Finally, attitudes toward modern mathematics were found to be un-

related to age, experience, and sex.

n

Strictly speaking, Rice's (1964).inves

rather than an experImerit. Somewhat more "

igation is a correlational' study

xperimental" in nature is the
,

,investigation by Wickes (1967), who wished to determine the effects of two
,

different arrangements of courses concerne with concepts in elementary school

mathematics on prospective teachers' atti udes and understandings of mathe-

matics. In one arrangement, the complet' n of a specially designed aothe-'

matics course was prerequisite to enroll ent in a course in methods of teach-

ing elementary mathematics. A second a angement was a single consolidated

course in which content and methodology

consisted of 65 students at Baylor U iversity who had taken the first curricu-

"luM arrangement in tiro preceding years, and the "experimental" group was corn-
.

posed of 104 students who completed the consolidated course. Pre- and post-
:

test scores on an attitude scale and fundamental mathematics concepts test s
_.were available for both groups, and 't was verified statistically that the

two groupsliere comparable in their retest scores on these variables. The

results showed that both course arr

gains in mathematics attitudes and nderstanding of fundamental mathematics con-

were interrelated. The "Control" group

\
gements produced statistically,significant

.;epts. The control group showed s
.

R4-1114thematic:s concepts, but'the t

attitude scale. Wickes conclUded

sequeace was more effective than
"44

a .

In general, the results of

various types of coursework in

achievement of teachers and tea

to say about the egeces of ins

, attitudes and ,achipvement, in T

gnificantly greater gains in understanding

o groups did not differ in gains pn the

that, all things considered, the two-course

he consolidated course.

he investigations reviewed above indicate that

athematics can affect the attitudes and

her-trainees., Bat what has recent research

ruotional method, i.e., curriculum, on the
. .

thematics of students in t e public schools?

the topic wf the pext, ection.

.p0
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The-School Curriculum
, ,

N.........:-/
.Rote Memory vs, Meaningful Teaching' - , .

, %

In a discussion of a variety of-unpleasant-experiences in the earlier. ,

grades that cause students twavoid high=schcol mathematics; Wilson (19611)

concluded that a primary cause is "drill-beyond the fundame1/4 ntal processes."

Bernstein (1964) apparently concurred with Wilson's conclusion when he referred---(- . s
. .

..._ to an almost universal fgreement among ilatremaficians and teachers that rote
.

, ...1 learning procedures are a'major factor in,producing negative attitudes toward

mathematics. Collier (1959) also maintained that teachers should emphasize

computational speed less and place more -stress on developing mathematical

-understanding and logical reasoning ability.

dlark.:(1961) suggested that reliance on rote memory rather than logical

reasoning is a consequence of the assignment of formal arithmetic at too early
a grade. In his 6pinion:

"Children are often confronted in school with situations whiCh few
adults would tolerate. Day in and day out there is repetition
of meaningless expressions; terms, and symbols. Eventually many
children,come to dislike arithmetic.' Lack of understanding and
skills in arithmetic is associated with personality maladjustment
apI delinquent behavior, including truancy and incorrigibility"
Cp. 27%

In study of fourth-grade pupils in a Georgia school, Lyda and- MOrge

1963),,noted positive changes in attitudes toward arithmetic and significanto

gains in arithmetic computation and reasoning "When a "meaningful method" of
.

teaching was employed. The method emphasized the mathematical aim of arith-

essing the concept of number, understanding of the numeration syttem,
t-

alue, the use of fUndamental operations,xlie-rational.e.
Ofccon9tational

s, and the relationships which make arithmetic a:system of4hinking.
, -

2 _

metic, s

place

" - for

f. 4 AAnother" way that has been,suggested for *kingIarithMitic'Morel-Teaningful,/
.

,Y or at least more interesting, is televised insteuctiv14,.. Amelipn
// administered a questionnaire to 65 fourth-grade pupils to obtain their re-

actions to the television'program:"Patterns in Arithmeiic.P Over 90%. of the

pupils approved' of the program"to"some-extent, and 75% said they liked

arithmetic better after viewing the new arithmetic television program. Finally,
75% of Ihe, pupils stated,that their attitudes'toward arithmetic had challged%.

'because the television prOgram helped them under-ST.3nd the $uhject.

, Effects of Ability Grouping

Grouping pupils in arithmetic classes ,according to, tteall abilities 'hes
frequently been criticized as leading to'poor attitudes, either rect y or

/

"*".
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as a resulttqf parental attitudes toward grouping. In order to Study the

affectsoflibility grouping on attitudes, Lerch.(1961) comparedthe change in

' attitudes toward arithmetic of fourth-grade pupils taught intermittently in. 4

ability groups-with,thf changes in attitudes of pupils taught in.traditional,

non-grouped classes. ifferences Vi scores onqh`e,pre- and posttest 'attitude

inventories'showed that re than half of the pupils in both.groupsbecame,

morejavorable in their attitudes toward arithmetic. The average change in

ettipde of the abil* y-grouped classes, however 4 was no/significantly differ-
.

ent from that of the non-grouped elapses. It, s concludea that children's

attitudes toward arithmetic are less dependent upolv.classroom organization than

on their teachers' attitudes and the methods which the teachers employ.
-

In another study of the effec0 of ability grouping, Davis and Tracy .(1963)

compared the pre- and posttest scores on the California Arithmetic Test of 393-

IkUorth Carolina fourth,', fifth-, and sixth-graders. The two types of programs,-.g.

were a Joplin-type plan (ability grouping) and a,random plan (nonability grodp,.."-

ing). It was ascertained that initially the two groups did not differ signifi-

cantly in their scores on measures of ability., self-concept-, anxiety, and

attitudes,toward arithmetic,. which were administered-as pretests. ,Thus, atti-

tude toward i4theetic.was a concomitant var iable,-rather than a criterion

, variable, in this study. The results were that pupils in the Joplin-type plan -

did not gain significantly more in arithmetic achtevement than pupils in the

random plan. Consistent with the conclusion of treTrch (1961) referred to above,

edge Sf Arithmetic, attitudes toward arithmetic, andtheiryariability in

concluded, that differences among teachers in theirknowl-
,!'

Davis and Tracy (1963) c

method of teaching--factors which were not controlled or measured in this study-1

are impor ant variables to consider in future research on ability grouping.

School M theMatics Study Group (.SMSG) Curriculum

Irj a discussion of Motivations in mathematics, Bernstein (1964) suggested .

that Drganization of subject matter, such as that in SMSG;-,may improve attitudes -

toward mathematics. infortunately, studies have typically failed'to verify

Bernstain's suggestion; the teacher,-rathert than tha curriculum, still appears

to be the more significant variable:

15101,

For example, in a comparison-of SMSG and not SMSG seventh grade classes,

Alpert et al. (1963) observed that thelSO curriculum did not increase students'

positive feelings 'toward matheMatics, either absolutely, or. when compared with the .

.non -SMSG curriculum. however, teachers with a highly theoretical Rrieptation, ,

' tended 'tokoduce more' positive feelings in SMSG classes , but not incin7SMSG. x.-.-

classes. concerning measures of attitudes, Alpirt et al. (1963)-found,,,fat th.e.
,---4:-.

-..c 4.
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attitudes toward mathematics of SMSG students became. less positive from fall

to spring testing, whereas the attitudes of non-SMSG students remained rela-

Similar results have been obtained in other investigations which have
com?ared SMSG. and traditional curricula inelementary and junior high school

(Hungerman,.l967; Osborn, 1965; Phelps, 1963; Woodall, 1966). In general,

these studies have found that the mean mathematics attitude scores of students

taught by the SMSG curriculum is not significantly different from, or even
more negative-than (Osborn, 1965), the mean attitude score of students taught

mathematics by the traditional curriculum. With respect to achievement, one

study found results favoring the SMSG' curriculum (Osborn, '1965), the results
of another favor the traditional

curriculum (Hungerman, 1967'), and still

another found no signifitant difference between the two types of program
(Woodall, 1966). In gendral, scores on conventionai`btandardized tests of

achievement invmathematica tend to favor the traditional, non-SMSG curriculum,

whereas scores on special tests like those constructed by the School Mathe-
.

matics Study Group for, use with its materials tend to favor the SMSG curriculum.
. .

But why does the lASG curriculum fait. to produce more itsitive attitudes

towar44mathemat2ts, as (1964) hoped that it would?, 90sborn (1965)

suggested that this can 15e exilained.by the fact thJt the SMSG curriculum is

more abstract and demanding than the tradttional curriculum, causing the

students' attitudes to fail to change at all or to even become more negative
,

as the length Of time t)lat'they study the SMSG program increases.

Before one-goes too,far in interpreting the above 'results, however, it

should he emphasized that in these. investigatiOns the available subjects were
not assigned at random'to the ivo types of curricula. The investigators merely

analyzeddata'obtained from exibtibg groups;qtsome c,ses attempting assure

tilibik

. ,
4:themselves the groups did not differ significantly in their pretes scores,

in other cases using analtis of covariance as an attempt to control for4initial.
I A ,group differences. But without random assignment, of subjects to conditions,.. , x

,

there is little control over extraneous variables, and without sic .randomiza-
tion analysis of ooyariadte is not a legitimate statistical proced re. There-

,

fore, many of the conclusions'of the studies reviewed above must b viewed as
.

, , I

- -

) 4-tentative until more controlled research is done.

Otter Modern Mathematics Programs

, .

Correlational data Whith shcOw that studentdin a special publiic school

program have mort,positiverattit4des toward the subject than students in other
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types of programs are plentiful. But of course it is quite possible that the

students in the special program Were attracted to,or selected for_the program

to begin with because of their positive attitude toward the subject. A case

in point is the finding of Ellingson (1962) that high school students in
.

college preparatory classes-had somewhat more positive,atIitudes toward mathe-

matics than students in terminal or general math classes. The self-selection
-

factor, wher$thode with more positive attitudes and higher ability elect the

special course, and the effects on morale oll4ingin a ''new" program (the

Hawthorne effect) undoubtedly influence tYle result sof investigations 'in whiCh
o

there is no true control group. ,

Research designs similar to those of studies reviewed in,the previous

section on'the SMSG curriculum'have been employed to co4are other mathematics

Programs with the traditional program. For example, Comley.(1966) compared

the college mathematics achievement and attitudes of students who had the

University of Illinois Committee on School Mathematics (UICSM) program in

public school with those of students who had traditional high school mathe-

matics. Students in a number Of:colleges were administered a mathematics
e

attitude,questionnaire, land other data concerning total number of terms of

_college mathematics taker: major field of study, number of elective mathematics

coursers taken, types of mathematics courses taken, and overall mathematics

averages were obtained from transcripts and questionnaires. After the criter-

ion scores of the UICSM and non-UICSM groups, were adjusted by covariance analy-

sis on numerical and verbal aptitudes, high scho81 grade averages, school

size, and percentage of each school's students o went to college, there were

few differences between the two groups in college mathematics achievement.' The

UICSM group did fake significantly more College mathematics hoWexer, and did
s

as well as the non-UICSM students. In addition
'

the UICSM students had signifi-

cantly more favorable mathematics attitudes than the non-UICSM group.
.

* . aila44, . .

In,,an investigation by YasuLy(1967), amodernrmathematicg'groupstudied

the Secondary School Mathematics text4took,serie1 in grades 10, 11, and_12,in

the Edmonton, Alberta publit schools:./ control (traditional% group consisted
)

,

! ,

of 125' students seletted from high schools not exposed to modern mathematics.
,,,

After ''adjusting" for individual differences in'scholastic ability with ninth=
,.

'grade scores on the Schookand College Ability Test, the mean score of the
,

'
t

' 'mcdern:rmatliematics'grWp was significantly higher than that of the traditional .,
el- .

4

.

testgroup on test items of the Contemporary Mathematics Test which contained

I material: common to both curricula. AIthoU h.the difference between the mean
, 1

--1 .1
scores of the two groups on an-inventory oi attitudes toward mathematics was

r 1 I
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iact,significant, attitude scores were significantly,,correlated with achieve-- ..0"
nent rh-both groups. It maY4be_observed that-the two groups in this study
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were net equated for initial attitude toward mathematics, so it is not certain

what the Tlure-tb find a~ significant difference in mean attitude in the

twelfth grade means. Perhaps the two groups had equivalent mean attitude

scores to begin with and both became more posi,tive, more negative, or remained.
1.-

the'same.' Or perhaps oAe group nat'm104.sitive attitudes than the other qt,,,

the outset, and the initially more positive group became more negative, or the.

initially more negative group became more positive.

The ainof a recently completed project by Ryan (1967) Which involved
;

_126 'pairs of mathematics classes in schools distributed over a five-state

area, was to Compare the effects of three experimental "modern" programs in
..,. ,r . 4 n 4

-,.. 14 - -- r:", ..", ..111
se&;niiary mathematics -'the Ball'States, UICSM, and SMSO programs--dn,Itheatti- .-,4Vr"/

ttdes and interests diveloped in .ninth-grade pupils. Self-repontjMeaults-df'--,
) '''-,,,t

attitudes and interests were administered to; the students at the beginning and

end of the school Year, and systematic observayions of behavioral signs of
I

student Interest were also mgge. Pupil characteristics such as sex and achieve-
ment level, and teachercharacteristics such as experience with the programs.

wete considered in the data an\alysis. The general finding was that the experi-

mental programs, when compared with convehtionalmathematics programs, had

little differential effece'On the attitudes and 4 rWepts of the pupils: There
was a slight tendency, hoWever, for the Ball Stittp*ram to be related to the /. ,

---:'1,

depelbpment of 1.st positive attitudes aed the UICSM",4pgram with more posi-

tive attitudes toward mathematics, when compared mopventional programs. The

less positi44attitude of the. students usi g e Ball Stateprpgram was a;so-
4ciated with the reported 'greater difficulty. which. students Md,.14Luncierstan4

these materials. Measured pupil and teacher eharacteris'ticsqlid not interact

Significantly with type of program in determining its influence-, but. change in

attitude was genera114 related to chabgein grade,receirred relatiVe to, the pre-k4 ,

, 1vious year pd to the degree of difficulty which pupils experienced, with-the

materials.

4
Other Curriculum Comparisons

Espec'i'ally noteworthy for its'attempt to cbnfrol extiiianepus variables is
4

an investigation by Devine (1967), who compared program-centered with teacher,-

centered teaching of first-year algebra. Mere was a random selection of two
r d,classes"(but not , a random selection of subjects for the, classes)-_-an experi-

mental and a control class--inach of two high schools1., Achievement and atti-
. tude tests were'administerei at variays times.during the school. year. A-result

4 !
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the study which is particularly_ interesting is the obtained interaction

between teacher experience and type..of curriculum in their effects on. student

achievement in mathematics. When the teacher was experienced, the mathematics

achievement of the program-centered group was lower than thit of the teacher-

centered group; there was no change in either group, however, in attitudes

"toward mathematics or toward programmed materials. When the teacher was inek-

Perienced, the program-centered group achieved as well as the teacher-centered

group, but the attitudes towatdmathematics and toward programmed instruction

became more negative in both groups.',In a summary of the results, ..DISvind

X1967) concluded that when an average or above average teacher is-- available,

greater achievement is obtained in a conventional, teacher-cente rbom
approach.

.11.14 r et+.0% L_

A final investigation concerned wi

although the experiment is cited As an

much as for the, specific results. The

th curriculum is thdt,...of ens (1968),

illustration of a contr ed desi as

experiment was designed to, assess he -1,

/
differrential effects of the curriculum practice:of assigni7g_tomekallk--in.,
arithmetic on, the altitudes of third-grade pupils toward school, teacher,

arithmetic, homework, spelling, and reading. There were three trements--

control (no homework), common practice,(regular teacher assigns homework),

and' experimenter-prepared homework. Pupils were'randomly assigned to three
)

classrooms within each of four schools, and within each classroom ptpi s were

assigned to three intellectual ability groups, -The data from five subj cts in

each of the three ability groups within each of the 12 classroomsfver4 4

analyzed by analysis of variance of a Latin square design with repeatedreas-

ures. The basic data were scores on the six measures of attitudes ad'in-
,

ittered at the end of each of three 3-month treatment periods. Since there

were no ptatistically significant differences among the lreeltreatlipts,

Maertens concluded that arithmetic homework does not uniformly affectOpupils.'

attitudes tosgard arithmetic and t e other five sources referred to above.
'

Consequently, teachers need not o it purposeful arithmetic homework as a

general practice because of fear hat it may create negative pupil attitudes.
1

.Developing Positive Aetitud's andAddifying Negative' Attitudes

"t+

Alpert et al. (1963) made a umber of suggestions, growing out'oftheir t

,
.

t _
research on the SMSG program, for further improvement of achievement in and

,attittdes toward mathematics, viz ?f : (a) more attentioll.b3; textbookWriter's

to those aspects. of school which Affect psychological determiners of success'
,

in mathematics; (b) more attention to teacher seleCtion and training and too
.

A-

the,,ossibility Of taking into acjount teacher characteristics when grouping!
.

-..ty

,, ; , s t 1i

......4 ' e' 36 . ,
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pupils; (c) consideration given in course design to the meaning of education

in mathematics for women; (d) communica ion to parents about the nature of

the effects which they have on Children' mathematics education. These are

commendable goals on a broad scale. As noted by Bassham, Murphy, and Murphy

(1964), in order to change a pupil's attitude toward mathematics his percep-

tion of himself in relation to mathematics materials must be changed. , There-

fore, what have other mathematics educators and researchers recommended and .

accomplished in the effort to change students'. perceptions of themselves in

relation to mathematics?

Emphasis on Relevance, Meaningfulness, 'and Games
1

. Since the time of John Dewey, there has been a growl/1g emphasis on the

wed to make educatiOn practical or relevant. Nevertheless, Bernstein (1964)

argued that educators have failed to stress sufficiently the use of mathe-

matics for studying and controlling our physical-and social environment. In

one of the reports of the Ohio State University Development Fund4 Nathan Lazar

maintained that children can learn to lovejarithmetic if-tbey,,are not '
barded with meaningless memory drills. Hii approach to helping children under-

stand arithmetic is to use simple reasoning problems about'black horses,.brown

e cows, and white sheep. In addition, he invented a game-like apparatus called

an Haba-counter"--a variation on an abacus with multi-colored beads strung on

rods--to help make mathematics more meaningful. Tulock (1957) also recommended

that games, contests, and audio-visual aids be used to heighten interest in

mathematics.

.----ZsChocher (1965) experimentally investigated the effectiveness of yatious

group Mathematical games on thg4erformance of first-grade children in day'cara
_1 ,-,,,-,. y,center's in gormanY. ,For III4i9of five months, 70 girls and boys were

--..-wik

\given the opportunity of playing the games before and after classes. The

results were that their scores'gn standard tests of number concepts, spatial ,,.1,4!

1.ALorientation, and basic arithmetic rose significantly. A control grOup
?
o 5 -,

subjects showed no significant improvement on the tests. however, tears,...
. .

4 r.did not di's'criminate significantly between the axperimental, and control child-.

ren in-theq evaluations of the children's mathematical achievement. In a

related study on older children, Jones (1968) obtain4d a significant improve-
,

ment in tte_attitudes of ninth-grade student in rem ial classes when they

were taught.mathematics by modified programified lectures and mathematical games.:

. .

Providlngfdr Success-Expenkzces

'

N...

-V-
.Many faliters (e4.,'Lerch, 1961; Tulock, 19$7) haye,observed thatikupils '

i
..

f'a.. who. constantly fail mathematics lose self-confidence and develop feelings of

y
37
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dislike and hostility toward the subject. ,In order to cove with such negative

attitudes, the teacher must provide for success experiences in the learner;

the child should be-taught to set reasonable goals that culminate in the reward

of success. The need to provide for success experiences was also referred to .

by Proctor (1965) in a discussion of techniques for giving self-confidence and

faith to slow learners\and thus changing their attitudes toward mathematics.

An Experiment on Mediated Transfer

It is not particularly surprising that success in mathematics, which is,a

pleasant, experience, can cause a person's attitude toward the subject to be-

come more positive. art although it is not always possible for an indiyual

to succeed in .mathematics, the results of-an experiment by Natkin (1966) sug-

gest that simply getting him to associate mathematics with something pleasant

may alter his attitude or anxiety toward the subject.

The Initial group of subjects selected by Nitkin were male and female
-

tes who had scored above the mean on the verbal section and one
_

stand deviation below the mean on the mftheMatical section of the Scholas-

tictic Aptitude Test. The first step in the experiment was to determine the,

galvanic skin responses (GSR's) of the subjects to mathematics and non-mathe-

matics stimuli. Then those subject whose CSR's to the mathematicsistimulk

were significantly greate1 than their GSR's io the non-mathematics stimuli

were randomly assigned to experimental and control grpups. In the first stage
Pof the experiment proper, the subjects if the experimental group learned, by.

a paired associates procedure, to associate the mathematics stimuli with .°

nonsense syllables; in the second stage they learned to associate the same

,nonsense syllables'with strongly pleasant phrases. The subjects inthe coh

trol group learned the same mathematics stimuli-nonsense syllable pairs in:the

firs stage as the experimental group, but the former learned nonsense sylla-t,

ble-neutra.1 stimuli associations in the second stage, As was predicted,-'scores

on a test f anxiety toward mathematics showed a more significant decrease from

p're- to post-experimental testing in the. experimental group than in the control

gr
.-

oup. The post-experiMental test of anxiety was administered only five minutes

after the learni session, however, and one might well queition thesermanence

of the detase. Other questiops which need to be answered are whether the'

anxiety change observed hy,Natkin (1966) wdnld have generalized to other situa-

tions (a.g.,, school tests) involving mathematics and whether his 'mediated
4

I
transfer' p ?ocedure can also affect performance in mathematics., in any event,

Natkin concluded,that the experimental procedure created A mediat d 'therapy"
ifeffect on mathematics anxiety, ,quite similar to the desensitization of 4epts by

t'
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behavior therapy. He also toted from the response patterns in.the test data

that early traumatic learning was, largely responsible for anxiety.toward mathe-
matics.. e..

Natkints (1966) experiment is important because it showed, by means of a

well-controllpd experiment, that it is possible to affect anxiety toward matheq

matica', if only for a short time. There are behavior therapy techniques other
.",,';

than "mediated transfer" that should certainly be explored as methods for
r

reducing mathematics anxiety. But anxiety:is a pdrrely emotional'veaction, and

although attitude--the to ie of .the present review--is partly emotional,it

1.

also has a cognitive comp vent. Therefore, techniques for attacking the

cognitive aspect of negat ve attitudes, as well as their emotional aspect, are
heeded. This involves more research and, consequently, ,brings us to the closing '

section on evaluation of previous research and suggestions for future research

on attitudes toward mathematics.

41.

CritiOkrof Previous Studies and Suggestions for Further Research_

Criticisms

A number of critical comments about previous'resArch concerned with the

determiners and effects of attitudes toward mathematics have already been made
in this review. Some of these criticisms apply as well to other areas of ..

educational research, and they have been widely recognized. In general, there
has been too much reliance on correlational hods and'on indirect measures

of behavior, such' as questionnaires.and other student-reports. It is

elatedly easier to point to a need than to satisfy one, but-thesupe -

abundance of correlational results which have been reportedsisiprimari1y ,

heuristic; controlled experiments are needed to test the hypotheses suggested

by the significant correlation coefficients.t Analysis of covariance is of, no

help unless investigators randomly assign subjects to groups. The.procedbres
of "matching" and "statistical control.of

viewed as substitutes for random assignme

tions. As was noted previously, random e

assumption of analysis of covariance than

concomitant:variableshould not be

t'af subjects to treatment condi.

signMent lean even more importarit

it Is of analysis of varianci.
c

In their treatise on research methods'
1
In'education, Campbell and Stanley

(1963) have discussed these matters at'length, detailing the sources of error.

left uncontrolled in yariops research desiips. The proposal of Campbell and,
,'' '=4;

.

Stanley (1963Y:for obtaining inforMation concerning cause-effect relationS 1 '

1,,-f-
t

through correlations across time (cross-lagged panel correlati?bns)"would Appear
1to b\e a potentially 4uitful approach to an analy sis of the direction ofoanse

-,-,, ,

and effect in te4chepupil:attitudee and achievement! ,,,,
t

.,,

47
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Whenever correlational methods are to bemused, and especiallycorpelations

among gain scores, the investigator should first become familiar with Thorn-

'dike's'(1963) discussion of methodological problems in research on over= and

under-achievement. Of particular importance when design.ng research to deter-
.

mine whether attitude variables are related to achievem or
)
other variables

in any significant way are the_sections of the ThAmdiRe ok which arecon-

cerned with part correlation and gain scores.

The remainder of

research on attitudes

into account both the

reviewed in preceding

the review wi11.deal with some suggestions for furthem4

toward mathematics--research which it is hoped will take

findings and shortcomings of the work that has been

sections of this paper.

Measures of Attitudes

Since the usefulness of the results of research is frequently limited by

the precision with which outcomes are(measured, something needs to be done .

to improve the accuracy of measures of attitudes. The task may be approached
. .

in several ways. Anttonen (1967), for example, has pointed to the need for

research aimed toward improving the readability of attitude measurements at

the elementary schoollevel,. In addition, the reviewer feels that the concept

of a general attitude toward mathematics should be suppletnented with that of

a%trtudes toward more specific aspects of mathematics, for example, problem-

Solving and routine drill. This is similar to a recommendation m de:by Moss

apa°Kagan (1961) with respectIto the concept of achievement..

One possible approach in designing such multivariate attitude instruments

Is to follow a stimulus-response model alike that proposed by the reviewer

(1962) and by Endler, Hunt,and Rosenstein (1962;) for the conceptof anxiety.

Such instruments should be of greater diagnostic,usefulness than the current

scales -of,genenal attitudes toward mathematics wi& their single, overall

score. The StiMulus-response approabh could also consider "the distinction

betwec4the cognitive and emotional? components of, attitudes in the design.of
,

,attitude instruments. 0

om
Teachers

. '
. 6

Although it is certainly unfair to indict teachers, too strongly as ,

. . 1

creator) of negative student attitudes toward mathematics, the results of

. i'esearch'have suggested that the teacher),
,

perhaps even to e than ,the parents,

is an important deterMiner of student attitudes. As noted by Banks (1964,

2 '"''4" 145:-16=i7)e"' -
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An unhealthy attitude toward arithmetic may. result. from a number
'of causes. Parental attitude may be responsible.... Repeated fail=
ure is almost certain to produce a bad emotional reaction to the study
of arithmetic. Attitudes of his peers will have their effects upon

To the Child's attitude. But by far the most significant contributing
,1"sfactor is the attitude of the teacher. The teacher-who feels insecure,

who dreads and dislikes the subject, for whom arithmetic is largely
rote manipulation, devoid of understanding, cannot avoid transmitting
hei feitings'to the children... ,On the other hand, the teacher who has

- confidence, undAtanding, interest, and enthusiasm for arithmetic
gone a long.way toward insuring success.

In order toprovide more information on the.effects of teacher attitudes.,

----izre-direct measures of teacher attitudes and their consequences, for example

by classroom observation, should be obtained. Student reports of perceived

teacher attitudes and also teacher reports of their own attitudes are useful,

but direct observation of teacher-pupilLinteraction in mathematics classes is

also needed. In addition, more attention should bet4ven to the mathematics
ili'' }

= training of elementary-school teachers. If the law of primacy holds-, the

influence of elementary teachers on pupil attitudes should'be even-greater than

that, of secondary. teachers.

Finally, it would be interesting to conduct aitosenthal-type investiga-

'tion to determine the effect or-teacher expectations in mathemaiids on student

attitudes and achievement. Using the procedure of Rosenthal and Jacobson

(1968), after the students are tested initially the teachers would be informed
Y

that one group of children--actually selected at random--will show an increase

in mathematics achievement and/or positive attitudes toward mathematics uring

ed,the following Semester. Measures of lchangeoin student achievement a atti-

otudes in both the experimental and. control groups would,be assessed to deter-

. .

,,,.

mine theieffects on these variables of teachers' expectations.

Longitudinal, Multivariate, and Experimental Studies

Alpert et el. (1963);afid Anttorie(1967) have pointed to the need for

longitudinal reasearch on patterns of performance in mathematics emerging o'er

time,end on psychological variables related to these changes: 4nttonen (1967)

maintained that the'measurements of attitudes and achievement in such studies

should be over period shorter than*the six-year span which he used.' A period'

-of oile or two years, as ikthe
4

NLSMA studies, would probably be mostNsatisfac,-
.

tory. Howevdr, there is a, need for both longitudinal and "one-shot" studies-t

determine the effects and interactions of man

CurriculuM, and'euchpupil'variables as gene

graphical factors, interesks. and perspnali

performance. The'implication of much of Oh

)

variagleS--techers, parents,

and special abilities,
;

characterlistics--on attitudes and,

t has been said previously in this

41 4 9
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review is that multivariate programs shou d not be limitedto correfiti
,

.4y

k

designs. Weaver and Gibb (1964) have called for.research on the-geneti6 4 /
1 ,

14P

instructional conditicins and in different mathematicU environments. :They-
.

'maintain that since the personality characteriAics of children, instructional

methods and materials,' school organization,. motivating.conditions land level

and sequence Of mathematical content interact to, such a degree, mnitiVariate

studies ratter than studies of the effects of 'only one of thaSe variables areA

necessary. This type of program calls for a marriage of the'correlational. aria

experimental approachps to research.

Alpert et al. (1963) have cited further classroom experimentation on. the
.

use of self-ilistruction programs, modbrn mathematics programs, specially trainedAp

teachers, useof innovative teaching techniques, and training flint as im§or-

:tant needs, in research and developmeht in mathematics education,

Development and Modification of Attitudes

As this review has shown, there has bearLaILly a small abountof research

on techniques'for developing positive attitudes and modifying negative atti-

tudes toward mathematics.' Bassham, Murphy, and Murphy (1964) point to. the

desirability o

modification of anxiety, attitudes, and other

ment in mathematics..

further experimptal work to explore the development and/or

variables which affect achieve-

.

'It is clear that serious thought must be given to.exppriments conc4 tied'
,,

gi

with thetemporary and more permanent effects of4 resollc2oland early sichdol

experiences on attitudes toward and pprforida in Milhethatics. In So,th he ,
- , . A , ° 6 "-.'.' y

development and modificallion of,attitudes; and in training and r ediel. wo , &

a question is how to make mathematics more eres-ping. litw methddt may by

I

.; '

;initially motivating t"Hawthorne effect"),

the teachers

students are

/
their effectS,wil4or,last'ii8

are poorly trained,. the- parents-ere-not sympathetic 'and the .° t, '

not sucessful in Mastering- the 'ttibject..: °. 4.
s

'? 4:11 ',-4c-
A a .

iti

Summary

.

Over three dozef journal articles, two dozen doctoral dissertations, and. ,
4

a half-dozen reports of stUdies'OoncernerairlinnnirteitoWierliatileaiik

which have been written during the past decade -were- reviewed,... The major tool

covered were: methods of measuring. attitudes-toward arithme

the grade diatribfition and ptability ofraathemattps-atit

shims of attitudes to achieiemeni in matheMiti cs; the relate..r,

matics attitudes to ability and personal

c:and'Mathematics;.

e relation-.,r
nships of ma-the-. . .

.fAcW.PPs_tq..Wren titudesand-,
-`
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expectations, to peer attitudes, and to_teacher characteristi4s, attitudes, Ind

behavior. Also didcussed were investigations dialing with the effects of modern

mathematics curricula and other curriculum practices on attitudes. Of-a34. the

factorsaffecting student attitudes toward Mathematics, teacher attitudes

viewed as being of particular importance. Finally, research on technizues for

developing positive attitudes and modifying negative attitudes was sumdarized,
.

Among the criticisms made of research on attitudes. toward mathematics vere

the di eai-of crude measures of attitudes, excessive reliance on correlational ,

methods, improper use of covariance analyeist, inadequate control of extraneous

variables, and failure to use adequate measures of gains. Suggestions for

further research included adequate familiarization with previous studies con-
.

cerned with the topic, the development of multifaceted measures of attitude,

'more extensive multivariate experiMents extending Am, longer periods of time,

and more attention to techniques fordeveloping p9sitive attitudes and modi-

fying negative attitudes.

.
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CIASSROOM TEACHINa
V*A 1

CLASSROOM TEACHING OF MATHEMATICS1

James T. Fey
,University of Maryland

.

4 ,

What is a good mathematics teactter? What ar'e the personal charactetis-, -

tics of a good mathematics teacher? Nhat.t.eaching metilod'ismost effective
1 mathematics classes? What sort of preservice and

inservice education is.

most appropriate for mathematics teachers? Few questions in mathematicg
cation are more important and few gtnerate more vigorous debate or cOnsis-

% tent disagreement. But despite long and active interest in the.problemS,.re-
seailch offers few important guidelines in the dearth for personal attributes,
classroom styles, or-educational preparation Of successful teachers. Exten-
sive investigation has failed'to show significant or consistent correlation
between fundamental characteristics of teachers-such as experience, know-
ledge of mathematics, collegiate

preparatiob, or attitudes toward mathe-
matics--and the 'achievement'or tot-'titudes-of their students. Evidence from -

.

comparisons of two or more teaching methods supports no one method as superior
in mathematics teaching.

. Much current vesearch in mathematics teachipgbontinues
the-traditibnal-

approach to finding the elusive "good teacher." There is growintevidence,) e

however, of treatise; yet careful, new research' strategies pd techniques.

;

Weaknesses and StrenithS,
4 p -

of Current Research
*

.
.,

Attempts to identify critical teacher personal characteris-iicg of teachers.
.have been limited by narrow vision of what the:key variables,mightte

-and by'
. --oversimplified measures of effedtiveness. Several recent studies have un-' .

,4,4_,, __

. tat,

k

.covered-previously unexamined teacher attribute dimdnsions that appear to have
. .

. __,_-__.__:prorise- in predicting effectii eriess7T- Othershave-:atterripteir to bi,ifiadeirWe:, ,.. I .. !, .. 11 Ilt
4 . 4,, accepted criteria of effectivenega;)instead

of a sihplegood or bad appraisal
of effectivene;s_based on standardized stUderk'ach4evemeq4,tests,

these..A
1., . /

4
.

*4-4

.
,

. . 1 .

-... , -
. -1Ashortened form of this paper; entitled

"Research inC1a4Sroom TeaChing40
.

'' of Mathematics,!' will appear in the Review of_Educational R;dearch, October-3.9W),---- .
,, T
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investigatiOns have Sought a detailed d escription .of,student .outcomes--cogni-

tive and,affective, manifest and latent.

/ Inadequacy of criterion measures has also plagued research in methods of

teaching mathematics. Instead of attempting a Qreful description of thebout-
.-

bomes associated with particular methods of instruction, methodology research

has usually be n an attempt to show the superiority of one name method over

-another, as me sured by achievement tests. This approach is insensitive to ,

-the differential effects that each individual treatment might have. As a A

consequence, results from methods of instruction research are inconclusive;

the strong and weak features of each method tend to counterbalance each other.

Current research in mathematics teaching methods is focusineon the crucial

problem of aptitude- treatment interaction (ATI) in an attempt to discern the

/ unique impact of various teaching styles.

- Methodology research has also suffeld from the fact that most studies

are small scale projects, often a single investigator teaching one ontWo.ex-
.

perimental clasdes and a like number of control classes while assuming respon-

sibility for evaluation of the results. Thus eyen when significant results

are reported, the impact of such findings on teaching practice is minimal; the

investigator's personal involvement in all aspects of the research makes bias

inevitable, and the methods being compared are seldom described in behavioral

terms prectseenough to allow repetition of the method it other classes'with

other teachers. Current research, with the benefit of sophisticated tech- t

nology for recording classroom activity, i8 making a strong bid to sharpen
.

$

definittA
e

s Of teaching methods and thus make methoddSogy research more rp-
. > ----.liable.

'

,.
, la ,

,

. .

. . 1
New approackss tA the study of mathematice teaching are fresksteRs into

.-.

what has been an eXtremely discouraging`area _of research. An equally impOr-
:110.0.

Jr"
tant development is the growing interest in a theoyy of Mathematics instruc-

tion, Even if the various investigations elating to mathematics teaching
,:

. . -

-are*uccessful in'desitri-rfg.relationshiPs among paiiss bf key instructional

variablesone more important task_ remains -_-pi.rying- theserfinding Into _

,,

widespread classroom' practice. Implementation of teaching,research requires

integration of all the'relevant knowledge intea coherentprescription of in-
, .

1

1
structional ehavior. ntative theories of mathematics instruction are be-

.s,

ginningto provide 'a C ceptualframework indicating importantresearch 4es-,

tions and.the relationships of widely varied research findings to classroom

teaching.
\,,

1
. -

. k
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CLASSIWOMI TEACHING
1

1 In fhe past, this translation of scattered research results into teach-
.

ing prattic4 has been leftlargely to the ingenuity oF-inaividual teachers in
the classroom. Thus Henderson (1963, p. 1025) concluded, with wide support,

-that as of 963 (and probably at thepresent time, also) mathem'atids teaching
was an art, not a science, and that

for it) to move toward'becoming a science, we need much more em-
pirical research to test current theories. But we also need new,
theoretical concepts or orientations that will provoke differen;t
questioni to be asked.

- Research in mathematics teaching since that date shows definite signs of meet-
.

ing his demands for rigorous empiricism and new theoretical obganization. 1

Much of the credit for new. eoretical and empirical vitality it research
.

is due to the appearance in 19631, f Gage'i Handbook of Research in Teachin&.
The influence of research guidelines in the Handbook is not noticeable in

early research .covered by this review, but recent studies are increasingly

well designed and administered.

This review covers research in mathematics teaching reported'from 1964 '
through 1968, 'Since comprehensive listings of research have become annual

features of several journals, the discussion here will not be a completecata-
.11log of research. Instead, it will indicate significant results and promiiing

'directions for study. The review is divided into three major areas: (1)... 1

/,_personal characfeitics of teaihers; (2) teacherolasroomi-lehavior inclur,
'dint methods of teaching; and (3), teacher education:.

4.

Characteristics of Effective. Teachers

1 ,
Although previous investigations of teacher characteristics and effec-

tiveness had failed to yield,a consistent ordefinit' ofile of the effec- .

tive mathematics teacher, introduction of etrikt V new mathematics curricula

provoked renewed interest in teacher characte stics research during the pait.

ten years. The new curricula brought hew content, ireater mathematical pre-

cisions and a concept '(rather than skill) orientation to mathematics study.

---p-and-teaching,. +-These changes reopened several fundamental q*stions:
7,L ' I) Is there an identifiable relationship

between teacher knowledge of

.mathematics andrstudent achievement?

2) Are teacher age or years of experience factors which influence stu-
dent achievement?

el;3) How do teacher attitudes toward'the new mathematics affect student.
. -

-attituderbr achievement?

53
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Minnesota National Laboratory/Study

The most ,comprehensive, sophisticated, and imaginative inestigatio5 of

teacher characteristics and student achievement was conductedhby the Minnesota
.

National Laboratory for the Improvement2of_Secondary Mathematics as part of

its effort to evaluate experimental curricular materials of the School Mathe-

matics Study Group. SMSG was intereited in determining whether the new

curricular materials it was producingwere suitable for widespread implemen-
,/

tation by teachers of varying ability anil qualifications.

An exploratory study involving 21 teachers of Grades 6-8 during the

1958-59 school year and another involving 127 teachers of Grades 7-,12 during

the 1959-60 school year failed to find any significant correlation between

students' achievement and the experience, collegiate courses_or grades, and
,

professional activity of their teachers. However, analysis of daily logs

kept by the participating teachers during the 1958 -S9 study and of monthly

ch klisl relieees made during 1959-60 indicated that the most effective and

lea t effective teachers could be differentiated by measures of productive

thinking--the ability to generate ideas about success or failure of various
e'

teaching lessons and ideas about alternative procedures for teaching parti cu-

lar"concepts.

These prelimipary inyestigations,led toldesign of the main study

(Torrance and Parent, 1966) which sought further evidence on the correlates

of teaching effectiveness that might be, described as qualifications to teach--
111. h. 44

experience, collegiate preparation, and professional activity--as well as the
f

imArtance of variables in teacher-supil%lnteraction and teacher. productive
.

thinking ability. During the 1960-61 school year and again in 1961-62, each

of 63 teachers taught the experimental SMSG course to oneclass.

Effectiveness of,thiS teaching was evaluated from the following' aptitude

and achievement-testing program: 42

Fall: School and CollegeAbility Tests (Grades 7 and 8) or Differential ,

' Aptitude Tests (Grades 9-12) and Sequential Tests of Educational

7-Progress in,Mathematics, -T

Sequential Tes &,of Bducationai Pro ree emitict, Form B.

'Measures of the variables possibly corrpaated thth ail t'were obtained

per 7 '1.11
StudeuResponded to several student attitude inventories and a stu-

o.
. ,,,-

.dent checklist of learning activities. ,

/' 1.,
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Teachers: Completed questionnaires giving information about e ience,

education, and professional activity and also complet_91 nine

end -of -the -month reporting forms designed,a; tests of pro-

ductive thinking. A teacher and pupil activity checklist

gave information about procedural variables.

The teachers were divided into thrte groups according to the measures of

effectiveness and a wide variety of correlations were examined to identify.

factors'differentiating the most and least effective groups.

Results from both the 1960-61 and 1961-62 trials confirmed the earlier

conclusion that effectivenets of teachers using the SMSG materials is not

significantly correlated with teachers' experience, collgiate courses and
glees, or participation in professional activities. Most and least effec-
tive teachers were not, differentiated by the amount of time they spent in pre-
paration for teachingd There was only a `weak indication thatprocedures

in making assignments, explaining new material, conducting learni4and think-
.ing experiences relevant to previously assigned Meterial,"and,evaluat4ng and

responding to student performance make 4tifference in teacher effectiveness.
Application of,Flandert' system of Interaction Analysis failed to locate sig-
nificant differences in the patterns of classroom behavior developed by effec-
tive and_ineffectivteachers.'

x.rd$7,

The most !significant predictor of to Affecti
tive thinking ability of teachers. The most lyffectiveA,ideas about indieations of 3uctess fail& in their

'venerls. was the produc--
.

teachers produced more sow

teaching, causesofI

success or failure, and altern#tive ways of teaching course ttncepts. The
student attitude and learning activities

questionnaires, revealed a number of
significant 4 ,

indtcators.ofAteaching.effectiveness. .Thissagiests that teacher

effectiveness'is intimately connected with pupil attitudes and perceptions
concerning the methodeoPtheir teachers, t.he school, text materials, and the
class as a group.,

Thus the Minnesota study
confirms$ailier,indibations that the search for

predictors effective teaching mist move beyond the toss measures of abil
ity and forMalVt idgnlifiabie qualifiCaila.

Apparently, qualification beyond
certain minimal standards is not reflected in greater effectiveness. In the
search for more subtle yet penetrating

factors in.teaching success the study
,provides fresh insight into topics. and techniques for kutue research. :

Secondary Mathematics Teachers

t.

.' One of the teacher variables.measured.only
indirectly in the Minnesota
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Study is the teacler.E's knowledge of cOntemppra mathematics--a factor that

"11461ild logically seem correlated with effectiveriess. In a doctoral study,

Massie,(1967)esked a,panel of 12 mathematics educators to identify the
;

characteristics of contemporary mathematics. He then developed and pilOt
.tex'

tested-an .exaMination called` Contemporary Mathematics: A Test for Teachers.

Owing a sample of 273 prospect* teachers in college in eight states and

58 teachers with experience in modern mathematics, he showed that scores on

the contemporary mathematics test correlated significantly with the quantita-

tive, verbal, and total scores on the Henmon-Nelson Test of Mental Agility,

and he gathered some descriptive data about the mathematical competence of the

chosen sample.

In another do for study Lyng (1958) used Massie's test to investigate

the relations between teacher knowledge,and (1) semseter hours of academic

preparation ((2) years of experience teaching contemporary mathematics, (3)

semester hours of student teaching, (4) semester hours in methods courses,

(5) years since bachelors degree, (6) age of teacher, (7) grade point average

.for recent course work, and (8) ability to read and comprehend unfamiliar

mathematics. He found the best predictors of teacher knowledg&of contem-

porary mathematics were variables 1, 6 (negative correlation), 2, and 8. The

multiple correlation coefficient ford these variables was . .74 (p < .01). But

even. if these results ,are shbwn,,to indicate..causal.relations between :teacher_

attributes and knowledge of contemporary mathematics, they leave open the

question_of whether teacher knowledge is.critically related to teacher.effec-.

tiveness.

- Kennedy t1963)S.probed another kind of'teacher characteristic-that should

%--have a bearing on effectiveness. He developed a test of skill in solving

mathematics teaching problems. The test, consisted of_17 tape-recorded,pro-

r blem situations, excerpted from actual algebra classes, each of which was.

Followed by oral questions about solutions. A panel of experts,devised rating

scales for re 1s s, and,the test was administered to 311 teachers of vary- '

ingbackgro ds.

'---' Scores on the-testdiffqentiated,TrOupiof5re--and inserViceteachers

i
1, at thg .01 evel of cobfidence in thefollowing order from poorest tl,best:'

(1) nonTmat emetics majors, (2) elementary education majors, (3) preservice

mathematics teachers without methods course experience, (4) preservice mathe-

mwtics teachers who had had a methods,course, (5) preservice mathematics

4

aye
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teachers who had practice teaching experience and a methods course, and (6)

experienced mathematics teachers. There was no way, howeller, to consider 'c

the relationship between,differences on the test and teaching effectiveness.

Elementary- Mathematics Teachers
.

.
.

The initial thrust of recent curriculum innovation was in the secondary,

school, but emphasis soon shifted to the elementary school. Elementary schdol

teachers, already faced with the task of specializing in every subject of the

curriculum, have been asked to learn a great deallof new mathematics and to

learn And teach the traditional content from a new point.of view. Concern fdr

teacher's subject-matter competence has made teacher ability a popular area

for research.

Several studies have attempted to assess the mathematical competence of

pre- and inservice elementary school teachers. The results consistently show.

that teachers do not have the knoWledge of modern 'Mathematics expected as a

prerequisite of effective aching. Melson (1965) administered a 33 item test
. .

of mo&s4a mathematics to 41 beginning teachers in the Philadelphia area. She

found a median scone of 12 correct and 27 teachers scoring below 50 percents
Acorrect. The test does seem to emphasize the language rather than the sub-

,.

';stance of contemporary mathematics, and the results might-thus'reflect slow

change in the college'preparation of elementary teachers F. Smith (1967)

showed that akAppropriately designed content cours,egpuld produce dramatic
.

changes in scores on the Melson test.

Ina penetrating study of prospective teachers in Negro private colleges,
#

. Carroll (1964) compared the mathematical knowledge of 358 teachers just be-

fore granktion from college withnormative data (STEP tests) and analyzed_the,

par icular strengths and weaknesses in the knowledge of these teachers. He

in
,..,

I-Afound that the groups ,functional ccapetence in mathematicsewas at the level of .

.

seventh'and eighth grade students, with knowledge of geometry and probability

the weakest. In another more limited study, Williams (1966) found teacher
? preparation in arithmetic generally disappointing.

The grim picture of mathematical competence among elementary teachers,

as reported during the 1964-68 period, continues a long standing pattern. But

it also indicates slow awakening by colleges to the needs of these teachers

faced with a curriculum vastly different from the one they experienced in

their own schooling or college preparation. In the lementary school, as in
4

'the high school, the question of relations betven mathematical competence
f r
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and student achievement remains unanswered. The available information is not

encouraging.

R. Moore (1965) e amined the hypothesis that there is a positive_rela-

. tion between level of teacher understanding (as measured on the Glennon Test

of Mathematical Understanding) and student achievement (as measured by the

SRA Arithmetic Series). Using 10 fourth grade and 11 sixth grade classes

as subjects, he found no significant correlation between mean classrool gain

in achievemen4gd teacher understanding in either fourtb, or sixth grade

classes. He did discover a significant +relation between the within class

variability of achievement and teacher understanding, with more.knowledge-

able teachers poducing greater variability. This correlation was riot sig-

nificant at the sixth grade, but there, limitations imposed by the ceiling

of the achievement test were a factor preventing significance.

In another doctoral study, Lampela (1966)found little evidence of a

correlation) between teacher understanding and change in pupil understand-

ing of certain concepts in elementary'school mathematics. W. Smith (1964)

looked at interrelationships among arithmetic achievement of eighth graders

and patterns of teacher preparation: He found speci,a1 subject matter prep-

aration and years of teaching experience were not independent predictors of

student achievement, but professional education preparation of teacher6

apparently was such a predictor.

Go gr:t (1964) exLnined the connection between arithmetic problem-solv-"
ing abilitie00.teachers and the growth in problem-solving ability of their

students. He POund'no significant relation. --- -

Yet another discouraging-report comes from Rouse (1967) who examined

correlations between academic preparation of elementary teachers and.achieve-

meni of their student4,-Teacher-attyibues were high school and college.prep-
- .

arat'on; student achievement was measured in arithmetic reasoning and funda-

me ls, as determined by examination of permanent records. In three groups- -

Grades K-4, K-6, and K-8--Rouse found almost no correlation, between teacher

1 attributeeand-student, achievement.--7--- -)
- Is

. .

As is the case with teacher characteristics esearch at the secondary

level, it appears that predictors of teaching Success will not be found among
r---

the obVibus variables of,,experience, academic preparation, and mathematical

knowledge. It might be that the mathematical knowledge of,elementary teachers:"

is uniformly so low that it does not play an importAnt role in effectiveness.4:1
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This should be watched as,the academic preparation of teachers improves, under

influence of new teacher education proposals.
t

...

llt of
, A more sophisticated approach to the identification effP ive ele-.

mentary school teachers is illustrated in a study by Peskin 11964). On the

basis of standardized tests, she classified attitudes and mathematics under-

standing of a group f seventh grade teachers as high, middle, or low. She

then made a simila appraisal of student achievement and attitudes and in-

vestigated the interactions among teacher and student attributes. This

analysis produced several interesting and significant correlations. For (-
.example, teachers with middle range attitudes toward mathematics and high

mathematical undeystanding seemed to produce best student achievement in geome-

try. Teacheri with low attitudes-and high understanding produced poorest

student achievement in arithmetic. This type of knowl&rge-attitude-achieve-

ment interaction looks like a promising source of'deeper insight into the

teacher characteristic problem.

. Turner (1964) reported progressin a different kind of search among com-

plex interactions of teacher variables. He analyzed teaching as consisting of

three types of work tasks: (1) the setting of.tas,ks for pupils, (2) apprais-

al of pupil, responses according to criterion responses, and (3) instructional;

tasks-designadto close the gap between obseiwed and expected studentPer-

formance. Next he devised a paper and 'pencil test of teacher problem-solving

ability, Mathematics teaching Tasks, (MTT)., whiCh was shown to differehtiate

between perienced and inexperienced teacheri.

-In the main study, involving beginning teachers in 12 Indiana school dis-

tricts, Turner sought significant interactions Among scores on the MTT, teach-4

ing success (measured by supervior ratings),-and various socioeconomic in-

dies (measured by Ryan's Teacher Characteristic Schedule) condOrning the.

teacher and the institutional cdntext Within which he worked. Although the

study was not considered conciusive'in any of its findings, it suggested a

variety-ol hypotheses about the way theach#r_success and MTT'abilityldhiange

during first years- Of teaching and the ways these"factors are influenced by
f.A.P

the socioeconomic makeup of the community in,which the. teacher works.
411,

In particular, the combination of teacher characteristics that will be

associated with success in a given institutional context appears to depend .

primarily on the socioeconomic composition of the student population., When

a _large proportion of students are of working class background, performance

of the teacher 6n the MTT is a good indicator of success. On the other hand,

.1k
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When a large proportion of the students are of middle class background, the

personal and social characteristics of the teacher appear more critical.

Changes in tather ability as measured by the MTT also seem to be related to

the socioeconomic makeup of the community. the criterion measures involv-
.

ink supervisor ratings and the assessment of socioeconomic status are both of

questionable validity. Nonetheless, the most obvious conclusion of the in-

vestigation was thathe question of predicting teacher effectiveness is not

-to be simply answered by direct measures, df obvious variables, but must be

viewed as a complex i ction of several interrelated classes of variables.

This is a good guiding observation fort those interested i ure teacher

characteristic and effectiveness research. ' -

Teacher Classroom Activity

The Studies of Torrance and Parent (1966), Peskin (1960, and Turner

(1964) indicate promising approaches to'identification of teacher attributes

critical in prgdicting effectiveness. Even if simillfgtudies'idehtlify

other important teacher characteris'tic'variables, however, such findings are

of limited practical value as a source of theory on the teaching prOcess.

Teacher attributes correlated with effectiveness are useful primarily as pre;

dictive measures in the selegtion%f those who will teach. Sqahltfactors as

440Apersonality, intelligence, knowledge of mathematics, and experience are Static

elements of teaching measured prior to classroom activity. Measures of these

variables indicate nothing about the way a teacher behaves in the classroom.

To study teaching without looking at classroom activity is to overlook the

dyn'tlic aspect of the teaching process.

The cl;hroom behavior'of mathematics teachers has been popular topic of,

research for many years. However, the results of coMparing various tame
0,,,,

methods of teachingdiscovery, laboratory, lecture--are generally inconclu.
,.,

sive we unreliable. Recent developments in instructional technology--tele-
- - , -- -,----,--,7,---,,,.

Iiigion, computers, and teaching machines--offer, in addition to alternative

-4 teaching
-ot
procedures, valuable tools for conducting research relevant to con-

.
ventional classroom teachin$.

The review in this section covers research onteachpr activiiY,in the,
:-.--

.
.0,

.

classroom and is divided into five major areas': (1) methods of pl'ese'ntirik .

.
_ .

matheinatical'ideas, (2),media,for instruction, (3) teacher-pupil interaction,
4

(4) class arrangement -- including grouping, size, and team teachingand
..

/ .----,
. I r

° . '

6 0
O 0
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(5) instructional impac of certain currictlum development projeqte
.

.

. -- 1
.4 ..,

Teaching Methods
---t--.. - '.

i ii

4 r' ___..el ,

Discovery. The "discovery mettpd" is the pedagogical catch phrasein

modern mathematics; and the most popular type of teaching methodolemstudy

is a comparisbn of some form of discovery teaching with conventional teaching.
.-

For example, Howitz (1965) taught one class)bf ninth grade' general mathe-
1 , .

matics using a guided discovery method and contemporary mathematical content.
.

(NCTM Experiences in Mathematical DisotiVery) and another using traditional

methOds and content (Stein Refresher Arithmetic). After one school year of

CLASSROOM TEACHING..
0

such prOtedure he found no significant differences in the achlevement.of the
.4.`" '

two groups, as measured by tile Sequential Tests ofrEducation Progfvf in

Mathematics (STEP) and no significant difference in attitudes .of the two

groups toward'pathematics. A specially designed posttest of achievement did

show significant differencesijavoring the experimental class,butthat is

hardly surprising.

At the elementary schapl level, Fleckman (1966) investigaielN.the effect

of discoveiY-teaching on learning of division. In a pair of studies avolv-,

ing a total of 246 fiffh and sixth graders, she found that discovery teach.,-.
.

ing produced significantly better concept learning but no better skill learn-
-4f

ing than conventional procedures. The discovery method was defined and

implemented by a combination of specially written materials and personal con-
_

sultati811. with the investigator'and'the teachers.

Ballfc (1965) and Prise (1967) probed the impact of disc teaching

on critical thinking abilities of high school students, B.Llew's study in-
.

volv,0 a singleteacher and three classes, one a control class and two others-
*,

using sped:La-11y written discovery ledsOns for a peria,of -eighteen weeks:. 0
..

Pre- and posttests of achievement (S'EP) and critical thinking (Watson-Glaser ,

Critical Thinking Appraisal) revealed no significant differences in.aChieve-
.

ment attributable to the teaching treatment, a significant differences in

critical thinking favpra61e to one of the experimental classes, and,no.sig-

v.

nificant interaction between the "lathing treatments and achievement, criti-...,4

Ae6 .cal-thinking growth fttelligence, or aptitude. .
-,.

....^ --.

.
..... ,

Price design three teaching treatments for high tcholol general Mathe-

matics classes%,
. .

1. Control- Lectube and recitations.

61
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Discovery--Special materials to promote discovery.
4

3. Transfer--Discov lus spe
-cial, er esmatials designed to promote trans-

....

:! Epr and analytic thinking methods. %

Pre- and posttests
s of mathematics achievement, reasoning, inductive reasoning,

, and critical th'nking plus a questionnaire on attitudes,:showed that diScovery

. and transfer methods prOuced no significant differencein achievement, AlL4

greater increase in mdthema?fcil reasoning, and positive attitudes toward

mathematics compared with the traditional methods. The transfer method pro-

duced a significant increase in,critical thinking, which, in combinati9.61vith
% , . . .I. . . . -.7 Bellew s mixed result, indrcates that discovery teaching can produce in

( creases in critical thinking abilities of students only if spel!alattention

is paid to cultivating that ability and its transfer.

Two college level studies compared methods in the.discovery /lecture fad-,

lies. Levine (1967) 4aught two classes of freshmen mathematical analysis

-
using a theory-to-application approach in one and an experience-to-theory,,

\ . \

approach in the other.I Scores on posttests and delayepostters showed the

experience-to-theory method superior for cultivating-student ability to solve

problems in elathematical analysis, ability to genelallze, and ability to apply

new generalizations. The question of interaction with specific student popu-

lations is raised by Contradictory results from a similar study by Caruso

(1966). CaruSb taught conceptsof abstract algebra to college freshmen by

what were essentially rule-example and wxample-ru le methods and found.the

former method more' effective. Of course, differences in..subject matter and

criterion measures in the two studies also complicate comparison of findings.)
In any classroom Investigation of teaching styles,, such as those cited

above, two fundamental questions cast doubt on any, results. bn_a number of

teachers clearly and consistently make their teaching behavior conform to

a single diScursivcly defined method? Does the name of a method, for eImple

"discovery,"maan the same thing to each of .the reporting investigators?.46 s ._ 4,One way""to avoid the first difficulty is to present instruction through
.4,+

an impersonal medium, such as television or programmed instruction. Henderson

and Tollins(196.7) used the latter method to compare three types discovery

teaching. Analyzing the logic of concept formation, they derived three

--possible ways to teach concepts from geomety: (1) agreement--a,series of

positive indiances only, (2) Paired instances of agreempnt and difference, and

They(3) noripairbd instances of agreement and difference. They selected ten ,

ti
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v /
concepts from high school geometry to be taught to eighth graders by he vari-

, ',,.:.:.

dud strategems. The strategems were.written inc teaching programs and ad- .

ministered to the students. Although Henderson and R011ins hypothesized that

middle and low ability students would do better under Treatment-3, this was
. 2
not borne outin the achievement testing. Apparently all thre-strategems

are eqUally effective, ,suggesting that critical interactions between treatment

a t.
and ability lie in more subtle,-variables.

/ A
The Henderson- Rollins procedure is one way to solve the problem of re-

liOzility in teaching methodology research. Of course, interpretation of such. '

results As valid research on classroom teaching is questionable. Anoter

approach would be detailed behavioral) definition of the methods and use of

classroom observational techniques (discussed later) to insure conformity to

the methods. This, however, sidesteps the second question posed above, "Does

idiicovery' refer to a we11 defined, commonly understood pattern of teacher

behavior?" This is an issue still being-vigorously debated in mathematics ed-

ucati'on'

/; The emerging point'of view is that there a'e probably mqny'forms of in-

struction that have dis'covery components. The proper directionfOf research
6

then is to determine the differential impacts of each type rather than seek

some single meth9d 11Ritr all situations.4Thus methOdology research is

shifting toward investigation df the complex interaction between content,
,-

teacher behavior,,student aptitudes and student outcomes. The objective is

to find the specific teacher behavior style most effective forspecific mathe-

maticaltopids and specific kinds of'student populations This emphqsis, part

of growing interest in individualization of instruction, is exemplified

ATI studies, studies of Aptitude-Treatment Interaction.

Aptitude-Treatment Interaction. The first challenge in ATI research,

still in an explor PtOry stage, is to showlhat instructional treatments can

. be construdted th tt Rive evidenceof#4titude-treatment interaction effects

on relevant outcome measures, Kropp, Nelson,and King (1967) devised four
. ..

packages of instructional-materials for teachingelementary set concepts.I
,

Each`package was designed to embody one of four treatments: (1 verbal-.

deductive, --(-20 verbal -1/Iductive, (3) figur61 -dqductive, or (4) figural-induc-
-

..-- tive Tie 'nicer was presented to 400 elementary school students in two
.

", .,,,
. A ft

.,.-t,, , , ,. /'days.,)rpattery of a itude tests and a 24 item,criterion test (containing .... .
...e

"'equal numbers Of verbal and figural items) were-adminikered.to test tie_ '-- .

following,
I

lljtlYpilVe 'PS: ("
/----"r--'--'T. , ,,e

1 .
. ' 4, 1.040/,.

l)' .

4, A..-"'
0 \...
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1. Verbal ability Will be more closely associated with success in ver-

bally presented materi'a than will figural abilityfiguralability

'will be more closely as oq4atea With success in figlelly presentedA

'material.

2. Measured of inductive reasoning will have significantly higher re-

gression coefficients than measures of deductive reasoning when an

inductive-mode of presentation is used; deductive reasoning measures

will have significantly higher regression coefficients when deductive
040

presentation is made,. (''
.

.

Test data showed that for heterogeneous groups the treatments
\
rse equal4T,

effective; the inductive-deductive interaction was significant at the '.05 level

in the direction hypothesized. The failure of verbal-figural interaction td

'appear might be attributable to inadequate distiactionin the treatments,

valid aptitude measures, or irrelevance of the verbal-figural dichotomy in
%

. the chosen earning task., 4

Two doctdral'studies derived from the same probleM area (Behr, 1967, and

3% Davis, 1967) examined the verbal-figural treatment dyad in othervcontent

areas with subjects at'different age levels. Behr taught a one day programmed

lessOn in mod 7 arithmetic to 229 students in an lementary,college mathe-
101(e

matics course. Half the programs embodied a semanticsymbolic mode and half a

figural-symbolic moZe: He administered ability test in two sessions, treat-
.

'ments in one session, a learning test in the next session, and a retention test

two weeks later. The major result was high correlation between semantic a- 4

success on the semantic teatment.
4

Davis (1967) tested the semantic - figural interaction -in classes where the

topics were finding the derivative of an algebraic expression and Aultiplying

Vectors. He observed no prominent interactions.

In another doctoral'dtudyof ATI effects, Becker-(2967) designed two

' different,kints of4instructional treatment for teaching surmising Of number..
series. Treatment A'gavethe learner the correct formula, in both verbal and - 4010k

synbolicform, for-summing a,parVrcular series and then explained the stfuC-
2,---

tural 1;-eilatizahip between formula and series,. Treatment B brOke the learn-'

ing task into many-steps leading to discOyery of a formula. 'The.treatiments

were written into_prlograms'and administered to Algebra I students, matched in
,.

.

pairs'according to verhal and mathematical aptitude%
,

.,, ,,

On tests of
i 0'

abiii.6r to recall terms", symbols; and formulas; ability to
. ,. _

.
-.. . '. .

. .'. \
.
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find the sum of n terms of series, and4bility to devise a'formula for the
p

_
nth term of a series, there was2,nO evidence of significant aptitude-treatment

interaction.' As in the Krgpp, Nelson, and King sttly% lack of interaction

effect might be attributable to irrelevance of the,treatment variables fors,.v . . .

,,'

the partibulat learning tasks. ,
I, ,

.., , ,, ,. ,.

Carry (1968) examined the interaction of spatial A gen-
. .

eral reasoning abilities with two methods of teaching quadratic inequalities.

He prepared programmed instructional treatments, characterized respectively
.

,

as graphical and analytical. Students in nine geometry classes studied the
sof

,

- 4

programs for two days.. , .

. Resultswfrom an immediate recall learning test did not support the hy-

pothesis of aptitude treatment interaction. A transfer test did indicate
,

interaction, but 'this finding was confounded by low reliAility Of the trans-

" - fer test. * .*

. ...

) The importance of ATI effects can be confirMed or denied only after

broader ekploraiion of
_

possible treattent and aptitude variables. Use of ,

programmed instruction has limitationS-as_ a,research simulation of teaching,

methods, &ebut the value of clear defined, repeatable experiments seems
.

outweight these limitations ri t now. The brevity of teaching programs,

while useful for experimehtal purposes, cast doubtbn the application of .

findings to. long -teA teaching methodology.

Individualization. ATI studies are one important phase" the process

of justifying and designing programs for appropriate individualization of

instruction. One interesting study (Ebeidf 1964) explored the integration

of an individualized component into normal Classroom situations

Ilsing seventh and eighth grade classes studying SMSG material, Ebeid de-

signed an experimental treatment in which one period alweek two during the

1 second semester)'was devoted to student self- selected. study. Although pre-, 4,

. andposttests of achievement (STEP and special SMSG oriented to and atti-

tudes

_
showed no significant differences between the experimentar and control '

1 'classes, all trendajavored classes exposea to the individuali zation.com-

ponent. \--
. .

.

'

, ,

Moody (1968) conducted a different kind of study that.has abeart:'on*
..,

's the question of individualization. He compared a student self-instructional.'

procedure with a teach(t-direoted procedure ih teachi:pcOnceptssof nonmetri
. ,--k.

.,' .

geometry to fifth graders. Comparing class- means for 19 classes (6 self-, ..

instructional and 13 teacher- directed) he found achievement in the teacherr
. ,

, N. , 1' ---:-, 1 72. a

1 t ,-,s 4
^ s '



3

FEY

directed classes far greater than in the self- instructional classes. He also

investigated correlation between eacher and student knowledge and found that

the correlation was high on simple definitional type items but not on more

complex items involving application or problem solving with basic concepts.

The differences noticed between the tyro methods of instruction might be

due to weakness in the type of material presented to studentS for selfrin-

struction or to lack of student experience in self-instruction. The results ,

suggest, at least, caution in attempts to turn all learning over to student

self-instruction.

Disadvantaged Students. The original impact of new curricula in school

mathematics Was in programs for capable students. Now there is growing in-

terest in methods of teaching low achievers and disadvantaged students - -a

special kind of aptitude-treatment interaction problem. But the extent of

this concern is not yet reflected in reported research. Four reportea stud-

iesEasteday (1964)e Engel (1g66), Castaheda (1967), and Joned (1960

involved de0velopment and trial of new prozgiams fob low achieving and disad-

Aramtaged students.

In a study with more general-implications for teaching low achiever

Wiebe (1966) compared three mgthodsof using programmed instruction with s

students. The treatments were (1) programmed instruction with immediate re-

inforcement, (2) half programmed instruction with immediateyeinforcement and

half teacher-directed instruction, and (3) half programmed instruction With.

delayed reinforcement and half teacher-directed instruction. Wiebe adminis-

tered the treatments to 236 experimental s ubjects for five days. Pre- and-.

posttests and a oiie week delayed posttest showed that Treatment 2 produced

highest score and significant gain (p< 45). He,concluded that low achievets'

/

'apparently need some interaction With and instruction from a teacher to make
-

most effective progress.

Pbychological Theory to Teaching Theory. 'Oe recent reconstruction, of

the school mathematics curriculum has also led to a vigorous revival of in-
.

terest in the psychological aspects of mathematics learning, led by Piaget,
.

BruneSs Dienes, Suppes, and'Gagne. Such a combination of curriculum and

-psychological research enphasis seems to reflect a belief that having de-

termide4 the important mathematical ideas and how childrenitearn these ideas,

effective teaching procedure is a routine corollary. There is, howpver,

growing awareness that the matter is not so simple; translation of learning

theory iiiitctsmeaningfurgUidelinds for teaching is an ifiportanx problem worthy
, ,

,
,
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pf2the 'best efforts of ingenious teachers. Evaluation of pedagogical theories -

'derived from learning theories is an important emerging area of research-.

The Cuisenaire Mtthod 6f.teaching arithmetic is derived,.at least in-
.

4.

,
. part, from the Piagetian theory that young children's thinking ( is limited to

concepts with immediately'available concrete referents. Gowder (1965) and

Halls (1964) each compared effects of teaching arithmetic by Cuisenaire and
o

co nventional methods and found,the Cuisenaire method superior, particularly in

concept lda7ing. ,

/

In two other atudiea-testing the pedagogical implicatiolis of Piagetian9
theory, Tpney (1968) and Trueblood'(1967) compared teaching methods in which,

students manipulated concrete instructional materials with.methods in which,

the teacher simply demonstrated or desbribed the manipulation. Results 'd

not significantly support the student manipulation method (presumed to ethbody,

the proper psychological principles). The Toney study, however: involved a

very small sample, and in both studies Piaget's 'theory.has been oversimpli-

fied and superficially interpreted in the, design of the two instructional
o

treatments.

Woodward (1966) conducted, an interesting4experiment,to test an idea of:,

Ausubel that meaningful verbal learning,can occur only when"more inclusive

relevant concepts exist and arelreadily available in the cognitive structure

of the learner. The idea implies that presentation of an advance organizing

concept prior to verbal learning task will enhance learning. Woodward ex-

amined this hypothesis and aVind of converse which proposed that discovery

.1darning would be more successful if overt postorganizers were presented after

discovery.

He taught m od 11 arithmetic.tea total of 44 college subjects using four,

methods--(1) preOrganizersand'discoVery instruction, (2) preorganizers and

verbal instruction, (3) postorganizers'and discovery instruction, and (4) -

postorganizers and verbal instruction--each mediated by computer. A'learning

test (administered one day after instruction) and a transfer test (admpis-

tered one week later), yieiped no significant differenses'Orinteractions.to

support any of the hypotpeses:"-An.interesting next.stepdn'this direction

would be-Comparison of'1645c4result6 with yet-a third treatment, no pre-

or,nostorganizers, reflecting Hendrix' admonition about Premature
e

ie
v
erbal

''zation and its effect on discovery learning.
*

In anothber, sort of test/of the advance organizers idea*, Procter (1967)

testea'the hypothesis that student learning Snd class participation would

r

,

-"V
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,

increase significantly if (I) specific objectives were clarified for the stu-

dent before presentation of the learning task, (2) effective feedback appa-

ratus was available during the learning task, and (3) there was an jective

relation between achievement of specified behavioral goals and course grades.

Proctor derived these hypotheies from Gagne's theory that every learning task

can be described interms of desired behavioral objectives and analyzed

into a number of prerequisite simpler objectives. His experimentation con-

firmed the learning aspect of the hypothesis, but Level of student participa-

tionin class was not significantly affected by Implementation of the stated

procedures.

Yet another translation of psychological theory into teaching theory '

was reported by Farrell (1967). She attempted to devise an optimal approach

to teaching high school geometry based on,the cognitive activity of pattern

centering - -the process of sorting information Into categories or patterns and

analyzing constructed patterns to determine rirations among them. From analy-4.

sis of the subject matter and the learning characteristics of the intended. .

9)
students, she concluded such an approach would be appropriate. The crucial

translation into actual teacher behavior prescriptions and t ting.thlie-
...

sults were not a part of the study, but an interesting hypothesis was sug-,

Bested. / k.

.

,1

Media of 1nuction
Oa,

Programmed instruction is playing an important, research role S.Sa:means.

of simulating classrooM instructional methods-under rigorously con:trolled,

,reciea4le conditions. Programmed instruction, however, was originally con-d$

as a replacement for traditional classroom teaching - -s' tool waCh could

per pacing,, nd feedback on an individual basis. Since mathematics Vas been
-

a PopulanJ ropic for developers of programmed material, there has been Agreat

dpalof ,earch on the effectiveness-of this new instructional medium. The

4,6it'fi,'equently debated sand-tested question has been the relative merits of

programmed'and teacher-directed instruction. Results of media comparison

studies have failed to establish the superiority of programmed or conventional

instruction.', In,fact,the.evidence is sharply contradictory.

Zoll (1969) reviewed research in programmed instruction and found that in

13 such comparative studies three showed significant differences favoring,pro-
,

grammed instruction, three showed signifiCant aifferences faytoring traditional

a

1

r

68re- 75



t

4.."

CI,ASSROOMTEACHING

instruction, and seven showed no significant differences. (See Devine, 1968,

Kellems, 1965, or Dobyns, 1964, for example.) 4

Research in programmed instruction has thus, quite properly, moved in

the direction of studies seeking the interactive effects between various

types of programming, subject matter, and learner characteristics and stud-
/

iestof how programmed materials can be most effectively used in conjunction

with standard teaching procedures. For example, Morgan (1965) and Callister

(1965) examined st ress, anxiety, and achievement intergttions in programmed

and conventional classes;' and Wiebe (1966) tried to find the most,effective

-combination of programmed and teacher-directed instruction with low'achiev-

ing students.

In summary, it seems fair to conclude that, far from supplanting teacher

classroom instruction, programming will probably Proveto be an importapt in-

structional device to be integOted into, a total instructional plan where

most effective.

Telemj.sibn is another instructional medium that has come upon education

' offering great promise of improving instruction. Al-Yet, the research evi-

dence on ethods and effectiveness of televised instruction in mathematics

is Slim' particuldi y in elementary and secondary schools.

Thd best known use of television in, elementary schOol mathematics in-

struction is 'Patterns,in Arithmetic (PIA),,developed.atthe University of

Tisconsin. PIA utilizei television.lessons and coordinated teacher manuals
\

and pupil exercise books L an arithmetic program for - Grades 1-6. The course

is -now being' used by over 135,0o0 students:In eight states.

During the 1.966-67 Chool year,; the WiSconsin Research and Development

Center-for Cogni -f Learning directed a summative, noncomparative evaluation

of the PIA prograth in first- and third
-grade

classes of selected Wisconsin

and/Alabama Schools (Braswell and Romberg, 1969).- Both-standardized and

specially designed achiXement tests were used to measure arithmetic

attainment; computational ability, and other special goals of PIA. The re-t-
sults were4generallyNfavorable to the televised program. Furthermore, -opin7,

ion inventories showed that both ;elchers'and students liked the televised
.

course.

,Multivariate analysisof variance was,Used to examine the effect of

community size, stae, and-socioecodomic Status ..,a7Chievement it -PIA. The Al.

only'significant difference indidaT d,that4iscOngin-studeniPaid better on

'standardized' computation tests t their Alabama counterparts. Trends

.

, 69
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favored high socioeconomic groups, particularly on the stindaidized tests,of

concept attainment.

In the secondary school, instruction by television is, notat all-common.

Colleges are the main users' of televised instructiont, and this is more a
reaction' to' exploding student populations-In-general

mathematics courses-than

to careful appraisal of the merit in this medium.

Nazarian (1967) observed that moALst studies have shown television to be
as .effective as standard instructional techniques--at leaston gross measures
of achievement. He investigated the response to television,ofvarious ability
groups. Using two classes each of high and log ability (measured by SAT

score) college general 'Mathematics students and gn experimental instructional

pattern of two television classes and one recitation per week, he found that
-.a ntrol, standard lecturd method ?moduced better achievement; high aptitude

students did better in the experimental course, but low aptitude students did

better in the control course. None of these differences was significant, .

-.in another college level television' experiment, Lane (1664) examined

several ways,of making up for the lack of teacher-pupil interaction when in-

struction,is mediated by television. He found that a programmed booklet, based
en assigned problems was superior to a classroom help session and to a kine-
scope problem session.

i\
From the evidence, or ladk of evidence, in research,'it is-clear that the

possibilities of television as a component in mathematics instruction have
barely been tapped.,-

4

however.

4 Teacher-Pupil Interaction

If teaching methods research isever to- uce reliable results in class-

-room experimentation, it will be necessa3 to develop_rigorous behavioral defi

nitions of teaching styles and observational techniques that dependably and

accurately measure conformity it the styles in .question. Throughout educe- '..
..$10,,,tional research there is a growing interest in systematic, empirical study of-

- P 0,

teacher-pupil behaviors that shows promise of providing these necessary be- /1
. .

. .***°'fhavioral concepts and observational methods., Application of:--these techniques, .

to study of mathematickteachingin
particular has been limited, but promising.

Interaction Analysis'. Flanders' system of Interaction Analysis gives.ae ,

procedure for quantifying direct and indirect teacher ipfluence in the class-,
root that has.been used to test a variety of conjectures concerning the,...

, e s

T.
,

,
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-
relat ionship between classroom climate and student achievement or attitudes.

In 'a study of16 mathematics classes, Flanders (1965) examined the follOwing.

hypotheses: (1) Indirect teacher influence increases stu4ant learning when
r' A

a student's perception of .the goal is confused and ambinags. (2) Direct

teacher influence increase:learntng when a student's pereep ion, of the goal

is clearand acpepfable. ,(3) Direct teacher influence restricts learning
4 5

when a.:suderitt,t perceptign o theioal is ambiguous.
kt NfN A r.All: three hypotheses were supported. Successful teachers Consistently

exet'ted more indirect influence that Airect influence. These successful

teachers also showed a tendency'-to move from extreme indirect influence at

the beginning of a unit of study, when goals were more ambiguous, to more

direct influence as goals of the unit be8ome citater.

Interaction Analysis was.also used by Torranceand Parent (1966), and it

became part of an expanded instrument u4ed to study pupil involvement and

mathematical content in the "Five State Project" at,the Minnesota National

Laboratory.

The "Five State Project" was begun in 1961 as a field study of effec-,

.

tiveness of four expebimental secondary schoolmgSematics programs. One
. ,

aspect of this evaluation (Wright, 1967) was an attempt to
.

describe the

affect of experimental curricula on patterns of teacher-pupil verbal interac-
, )

tion. Flanders devised a modification of his original system to determine

involvement behaviors- -the frequency and ivies in which students are drawn

into various aspects of classroom activity. A content oriented observational.

system derived from one of Wright and Proctor (1961) yielded data about the
---\ ---- ."/ ,

pattermi-of content behaviors7-the relative empbags_ofTth tital-and-con-
' -----., ,.-- con -

ceptual mathematical activity in experimental and control classes.
. .

.:.,:- Sixty-two observers used the involvement part of the observational sys-

tem during the spring of 1964 and spring of 1965. The procedure used required

the observer to note once,every three seconds which type of.involvement be-

IP

havior occurred. The categories were:

Teacher -- (1) clarifying, encotgging, summarizing,

(2) contacting, checking; (31 confronting;

seeking, (4) soft or hard challenging,;-.

jolting, (5)itforming, lecturing, (6

directing.

Student --4(7) receptive, passive, (8) independent,

active, (9) curious, Creative

t
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General -- (10) silence, confusion, organizatiog.

The accumulated data showed that pupils in both experimental and control

classes played about the same role,-passive or limited to highly,controlled 9

responses amounting to about 20 percent of all behaviors. The two signifi-

cant differences showed that experimental teachers asked more confronting,

seeking questions; and their students responded more independently. However,

this behavior constituted only four' percent of all activity.

Twenty-five observes used t ontent part of the observational system

durin -1964 and 1965 also. The conte t behaviors were tallied every three

sec in'one oflthree major categories:

(1) Fundame tals-72-consideration of the body of knowledge presently at

command of the pupils. Subcategories -- structure- and

tephniques-
J

(2) Relation7-, condderatioP/of new or broader concepts in=mathematies-.

Subcategories--deductive, inductive, and statement.

(3) Applications---use or, ractice of a concept in specifit problems,

t either-in or out of mathematics.
',,,

Subcategories--

mathematical.and other.'
.The data preesented no clear pattern of frequency or sequencing among_thecon=,_

,

tent behaviort in either experimental or control classes. There was slight .-
vA.indication that class discussion in experimental programs paid more attenAon

to theoretical patters than that in control classes without de-emphasizing

. bdpic koblengaving skills. :-

The lack of evidence of strong behavioral pattern 'differences between, ,
....

.experimental and control
..,

classes might dndicate that Curricula alone do not_-1,

exert-the hoped for influence on classroomprocedure. There werea howeve

four quite different curricula lumped together in the experimental classes.

. Purthermor&a the content analysis system does not seem sensitive enough to
.

.

fully andleturately record the- structure of mathematical discourse. ,

Other Classroom Observation Schemes. Pate (1966) used a.different kind--

of observational instrument to examine what he called Transactional Pattern .

Differences between classes studying SMSG and more traditional curricula.

ConteMporary mathematics programs generally place more emphasis on processes

ofdiscovery and inquiry andvoliSe moreforMal mathematical symbolism. There-
, ..,

fore, Pate sought empirical evidence about differences in teacher-pu il in- -

teraction in SMSG and traditional classes and the extent to which SMS teach-
R6

.

.0.-: , ,

ers implement the discovery and inquiry urged on the in. He *eloped a

-
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composite observational' instrument consising of a TeaCIeriQuestion Inventory,

' an Analysis of Patterns of Pupil Response, and the Prove Code (Hughes et al.,
1959). Observers recorded activity in forty classes, half using SiSG and

halftraditio a programs, twi each.
,,..The data rr4orate findings in the involvement aspect of the Five State

KI
.

Project; that is, the predominant pattern of interaction was one in which
. .7

recall and recognition questions were directed at individual' students in a

Climate of control. Although th4-re was some evidence that SIISG teachers

used more divergent and analytic questions to elicit spontaneous and creative

4, response, this behavior was only a small part of classroom activity.

Evience from these two studies seems to indicate that suitably designed;

experimental curricula ,can have a noticeable influence on patterns of class-
. .

. .room interaction. Moreover, observational instruments themselves, cons
r

g -

of behavioral concepts whose referents are identifiable in classroom activity,

offer an instructional framework and language for meaningful efforts to
'MIA:'change teacher behavior.

- '2:
In a doctoral study, Buck (1967) used.,the Observation Schedule, and Re-

cord (OScAR) to compare teaching behavior of intermediate sphool teachers wi:th

varying mathematical ability and classroom experience. He 'visited classes of

teachers paired according to mathematics achievement and experience. Eight

scales on the elementary mathematics version of OScAR reliably discriminated"

teachers of varying mathematics achievement, thus. suggesting that kpowledge44 of.A
mathematics is a factor in choice of behavior.

.

Two,other investigators, Stilwell (1967) and Fey (1969), developed spe-

cral instruments fAxecording mathematically and pedagogically significant
er
aspect§ of classroom verbal behavior. Stilwell devised 16 categories to

cover possible behavior during problem-solving activity'in geometry classes.e
Then using a three sedbnd time unit for.observation, he examined problem-

solving activity in classes of 12 teachers. -

Da,ta from these observations were used to develop a profile of classes

for a "composite teacher, and to compare classes of in ividual teachers.

Like Flanders, Stilwell,coWned teacher behaviors into o classes:to gvtan
En ratio indicating relative ambunts of teacher talk encouraging and

couragingsstudent involvement. He found that greater teaching experience had

a significant positive correlation with amount of encouraging .behavior.e 4
Another extremely interesting result was,,the fact that all teachers differed

significantly Sp < :005) from the-composite teacher!'
e
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Fey (1969) developed a system for analyzing the pedagogical function,

S

.or

01..11,

duration, content, mathematical activity, and logical purposes oft each

utterance in classroom discourse about mathematics. Following the lead of

Bellack et al. (1966), he viewed teachen,and'student ver 1 commupicationsas .°.
.

moves 'in a classrooM language game and tried to discover the ales of this

game Wit was played in classes of five teachers paEticipa ing in the

Secondary School Hathematics*Curriculum 2mprdvement Study. The instrument

gave evidence of being a'sensitivei,indicator of the patterns of mathematical

activity in secondaryschooleclasses.

In both the Stilwell and Fey st es the major objectives were to develop

reliable and valid technisus,fOr, des ibing verbal behavior in mathematics

classes and to generate-4p ses for urther investigation. The valuetina
"Y'r.

this'effort can be_r d only if the studies are followed by experimental

classroom researchtUaing the obServational schemes.

Teacher Organizational Responsibilities'

The central responsibility of a teacher is: active leadership of class-

room learning activities. Thus xesearch most often focuses on patterns and

media of classroom instructional behavior. In preparation for teaching and
, -

during a given class session,however, the teacher is called upon to makea

variety of procedural decisions in'Ohayg grouping of students, class site,

assignments, pacing, enrichment, and so on. A number of studies offer in-

sight into most effective choices in these procedure! decisions.

'Grouping. As part of the attempt to present students with a program

suited to their individual level of mathematical ability and achievement,

homogeneous grouping has become a standard practice throughout the secondary

school. Three reported experiments examined the effectsof various ability

grouping arrangements. ; ,, %.

Stevenson (1966) investigated the interaction of ah4aity, achievement,

And grouping when 142 seventh grade students were grouped accor "' "'ding to diag-

nostic pretests bdfore each of ten units. He found that an average of sixty

Students changed grOups at the end of a unit; thefe.was, no significant

difference in achievement of arithmetic computation or application ability

between thoseqtudents who changed, frequently and.t se who changed seldom;

but those who changed seldom.had a significantly higher arithmetic.concept

gain.

. Rs
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A similar flexible ability grouping procedure was tested by Willcuttit.

(1967). He .failed to find significant differences in achievement between
t

experimental
AO

44. 4experimental and control classes, but,a,significant diTference in attitudes,
. .

falrOred the flexible grouping procedure. .

Campbell (1964) compared whore class instruction and a within class
0

ugrouping procedure in seventh grade arithmetic instruction. In.,each of the
r

.

four experimental classes., achievement tests and teacher judgmeni.were used.

tc'determine three subgroups. Each subgroup was placed in an area'of the

classivom and given group instruction by the teacher--completing seatwork

. while the other subgroups were instructed. Tests revealed no significant

differences b .ween the experimental and contr61 claps achievement, but the

otfttrend fav ed the whole clasdP method of instruction. Teacher attitudes

seemed to savor the grouping procedure.

The most thorough and definitive study of ability grouping in mkthematics
..4instruction was reported by Neill (1966). Aspart of a lar

..4.

Olcale study'
-,..

(Goldberg, PasSow, and ,Dustman; 1966), Neill's investigation compared the,,,

.
.

effects A enrichment aria acceleration on achievement of 1477 academ4elly
.

talented junior high school students. Using the Lorge-Thorndike Verbal

Intelligence Test and STEP reading and mathematics tests to determine initial

status, and using three different criterion tests, he fond that a contem-,

porary mathematics program taught under acceleration leads to greater. achieve-.> -.

ment gains than an accelerated traditional program or an enriched program of

either traditional or cdniemi5orarycontent.

Neill also che8ked for interaction between various teacher and student
.g

attibutesand achievement. He found that teacher characteristics contributed
substantially less to differences in achievement thanjtudent attributes, the

main teacher predictor being length of academic preparation,/ / .Sfudent attri-

butes clo4ely associated with achievement were intelligence, initial reading
.

.
. .

. . ---.,

and mathematics ability, socioeconomic status, attitudes toward mathematicg,

04
0
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and self-appraisal. There was no significant interaction of pupil and teach -

er sex, but classes taught by men were more successful (a result confirmed in ,

,the.International Study of Mathematics Achievement).

Team Teaching. An organisation of instructional responsibility that pro-
mised to make most effective use of the talents Of individual teachers, team

teaching has not gained Wide acceptance in mathematics. There has hardly been

*hough research into the procedure towallow fair appraisal of its value.

as
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-Paige (1967) conducted a small study (one exp4rimental and one control Class)

to compare team and traditional teaching of junior high school mathematics.
A:S'cudents in the traditional group were matched in pairs by sex, interest,

mathematical achievement, and previous grades with student& in the team-

taught group. Three criterion measures--a posttesil a delayed posttest, and

a relearning.test--failedtollye evidence'of significant differences between
the two treatments, $

In another less tight? tdesignea.study,4Bhushan, Jeffryes, and Nakamura

(1968) tried to reduce "teacherldoad (in tormeof classroom contact hours) by

a Procedure combining large group (69 students) lecture.instruction, small"

group (23 students) discussion and t.roblem sessions, and independent or
tutorial study. The variety of instructional procedures was made possible

by flexible scheduling procedures. Achievement testing showed no significant

differenced""be Or

apparently'succee ed in reducing teacher class contact time without reducing
learning.

\/

Class Size. The problpm of optimal claassize, like that of television,

effectiveness, has been faced primary by collgge teachers of mathematics.

Kerce (1965) examined the interact on'between class size and teaching method..

Small (13 students) and large (54 students) classes in freshman college mathe-
matics were taught by discussion, lecture-laboratory, lecture, and mixed
methods. There were no significant differences in the treatments or class
tize comparisons. Surprisingly, however, attitude measures favored large
--class procedures.

. .

,..c.,/- C... Moore (1967) compared two procedures in freshman college mathematics
..

0 combination of large lecture and small study classes and,the,traditional

I

lecture recitation method. He found n4 signilficant differences in achieve:
.

.

ment; attitudes and opinions favored te experimental treatment; and,there
was a ,decline, in debilitating anxiety under the same procedure,

( ,

In a' study of large group>instruction at thelhighschool level,Madden

-

,1.,.., 51966) found achievement in ninth grlde general mathematics was significantly

greater in lafge4lasses (70-85 students) than in normal size-clashes (2 -40Yr
students). In this, study, however, and in all other,collParisons purportedly

te'sting'oly the effectd of class size, the

be, "What methods of classroom teaching are

e

more important question seems to ,

most, a cti'Ve' Ith groups of a
$ry

,,.

particular size; -students of Particular ability leNieiparttcular mathematical

. .-.

.:
.

-,,c.,.

,4,--'

, ..

..

..-
,
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subject matter?" Moreover, to

'various-proeedures, it 1411 be

prObe beyond-the.gross measures

UICSM and The Maidon project.

ge-a true Measure

necessary to apply

of. achievement and attitudes.

CLASSROOM TEACJ-IING-

4

of the l'ffectiveness 'of

criterion tests that

With experimental research on mathematics `teaching so consistently in-
conclusilie,teacfiers have been fOrced to look elsewhere for fresh ideas abotit
their instructional tasks. The Madison ProjeCt, under direction of Robert
Davis, and the University of Illinois Committee on School Mathematics (UICSM),

,T.:under directioli of Max Beberman, haye'both had` an important impact on the
way teaching is in mathematics

today, even though bOth are primarily curricu-
lum developmeft projects.

UICSM has supported its new curricular pateriaLsaLti3--Gpeativeteactring
ideas =nd made thOlemportant effort to convey'these ideas to teachers. The
most recent UICSM product is a juniorhigh

school progratTliii_low achievers.
It consists of two coursesMotion Geometry (1969a) and Stretchers and ,

Shrinkeri (1969b)-.-written
to especially appeal to.low achieving students and

accompanied by teaching
guidelinesVQ,Ound effective in clinical tests.

The Madison Project has More clearly concerned itself with producing new
teachingideas1 but even leAthan UICSM with formal experimentation.

Davis
and his colleagues are clinicians draW/tg on the insight and experience of

0 psychologists, mathematicians,
sociologiqts, anthropologists, and dven

occasionally a Mtisician to develop novel approaches to mathematics instruction.
_ After formulating the instructional strategies in classroom exploration; tAey

try to analyze theteaching
processes todetermine those features.crucial for

success. Thete, observations are then rhorted as clinical' contributions to
.

.a theo

I

of'mathematics instruction.

one_thOrough report Davis (1964) discussec
the'Madispn.Project's

%7

point bn (1) the kinds of mathematical experience that should be promided-for.
I 0 . ,.children, (2)criteria for seltcting experiences, (3) teaching, as a fleltibly

.-;.programdeciLdiscussion sequence, (4) classroom
reinforcement strategies,.(5) x, ,. .studeit Treedold, motivation, anclearning, and (6) the interpretation of

..Piaget's concepts of assimilation and accommodation in teaching practice
. Aut

these findings are presented as,the observations
of an astute' clasuobt

teacher; bar dp_fhqy_sualify asaresearchl The, Madison Project &a:pot report .°,.L,.2:,contro led 'experimental studies Of ,ssachin n thatraditional'format. Instead,
r°

r
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Davis (19675 argues eloquently and persuasively thithis-evidence is the se-
.

quence'of films of Madison Project classes in action and it these films

should be accepted as bona fide reseai'ch evidence. 'These filmsand other

project work do suggest many laps for further experimental research and
.

praciical suggestions for classroom teachers, sotheir acceptance aScontri-

.butions to understanding mathematics teachingand thus status as research-- .

is undeniable. Anybne interested in building theory on instruction in mathe-

matics would remiss in overlooking these informal but highly insightful

exploratory Studies.- 1

et
Teacher Education

The quality and originality of recent research into characteristIcs and
r".

behavior of effective teachers are not at all evident in studies of pre- and

inservice education. Shortly after the new curricula became widely used;,

recommendations were presented by CUPM and the Cambridge Conference for
.

impvvement.of teacher education in mathemttics. Several studies haVe-ex-
..

,plored the extent of implementation of these recommendations and, particu-

larly in eldmentary teacher education, others have4axaminedthe impact of

these changes on the cAppetence and attitudes of newly educated teachers.

Only a little research offers fresh insight into the phaie of teacher educe-
,

ti volving preparation for classroom mathematics teaching behavior. The

be .t *Rnown programs.of this type are interdisCiplinary {in scope.

econdary Teacher,Education

,./
. . .

. The major recommendation for.chan/7ge in the education of secondary schbol
e .,.

mathematics teachers has come from the Committee on the Undergraduate Pro-

.
grut in Mathematics of. lie AssoCiation of America (1960, 1965,

19,61i. Fisher (1966) surveyed the e tent of ch ge effected b .thes r+or4
i . f c,

,-4

menaTtions aPil found noticeable movement in the, suggested dir ction. Only
$

1

' preplaraion i gebmetry and probability d. statistics remained weak.
t

.

The Nati nal Science Foundation, -0 bugh its extensive program of in-
.

te 'op, summer,and academic.year instjtutes, has been a major force in re-

edu ating inservice teachers. The notable result of two different evaluations

of Academic Year Institute programs (Irby, 1967, and Wilson, 1966) is,the fact

4 ,that over 40 percent of all participants use the institute as asteppini

4.9, college teaching positions.

.* ( 1'
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As art of a larger cross national study of teacher education, Wiersma,

(1967) compared the academic achievement of mathematics majors preparing lo.
teach in the secondary schools. Prospective teachers were examined one month

before completion of their teacher preparatory, programs in the

England and Wales, and Scotland. On'six achievement measures,
,

4.*0-States students scored lowest on four (including mathematics),

United States,

the United

middle on one,
and highest on biological sciences.- A' variety of explanations were offered
for thesg results, suggesting hypotheses for experimental teacher educatior,

1,studies.

Moser (1965) and'Steinen.(1966) "pol investigated ways of improving stu-

Aent.teaching experience by providing increased feedback on performance. Us-
ing a technique employed widely in other disriplines, Moser made tape-record-:,
ings and an interaction analysis

of observations in order to 'carry oiltan
objective analysis of the teacher performance. He tried to determine whether

patterns of\ttacher behavior could be identified and whether the feedVack.

procedure lad any influence on-teacher behavior' patterns.

After each bloservation, the supervisor and the-teacher played badk their
tape and discussed- the lesson within the

framework ot,interaction analysis.

Althbugh teachers seemed to value-the information Providedby the interaction

analysis, it appeared that they quickly sought a personal style of teaching'

and adhered to7it rigidly. Of interest in connection with the Stilwell study"
.is the fact that popular teachers did not have similar:styles as measured-by

the interaction analysis.

Steinen used three different' sources of feedback--t

theMselves (they taught the same topic to c

phased, 'fellow *dont teachers (the_stnde
r

and pupils ,(they completed anonymous ques'ti

gation-was pr imarily exploratory, evidence*teemed to indicate a
0erimental procedt

rres significantly more successful tlikl norma

student teachers

Ssies one or two days but of

here paired in,teaching teams),

witeb.). Although the invests,-
*

1 three ex=

prppedures.

.Elementary Teacher Education.
/".

1 ,I..i. ..... .
.

c,,,,,, ,Increased1 preparation in mathematics is one of the mostnoticeable

changes in-recent a?.ementary teacher education. The assumption behind,this
.0. ... ..,,,

i
.

, -change is thart impi.oVed competence in mathemdtics will lead to-better atti -. . ...,.

4 ' - :, .

.itudeS toward the subject And more. effective teadhing, ,, --,

;=Evidence on the question o attitudinal chinge is mixed,)with an apparente 40 12 '
.' -

't

0
t



. FEY
/

4

trend for increase in understanding of mathemati& to be accompanied by more.1.

achievementpositive'attitudes: McLeod (3965) found no correlation betweeglchievement

on a concepts test and attitudes, arithmetic ski 1s1 years of experieh or .
i. 4'.

grade level of a grotiP of inservice teachir
. .

: Ru,cell_f.19§4),,foulgratti,thdpse..,

understanding of concepts, and grades inat

related. Gge (1965) and Tddd (1966), however, did de ,KC significant posi-

tive shifts in titUdes accompayinggrowth in mathematical understanding.A!Reys (1966) notic 1ibiiie'trendiii the same direction.

There s'almost no evidence to support or deny claims of correlation1 \ .:::,

as course not significantly

between teacher owledge of mathematics and classroom effectiveness: Haukebo

(1967) tested the frequently stated assumption that study of numeration sys-

tems enhances and reillToi,ces understanding-of decimal system, and the hypo-

..

" :,

0 .,

;" s

..

m. i"thesis was not supported.' .

.'' 'What kind of mathematiCs instruction is most effective for eleCmentaryP .
teacher ? Since the crucial criterion -l'effectiveness of the prospective

teacher in the classroom--is"so difficult to aTiprOse, pathematibs achieve-

ment and attaudet are normally offered as indicators. -A variety of experi-
( .

mental instructional arrangements have been 'reported. ,
. ..

.

Dutton (1966) found d instruction could be achieved byUs--)\

ing programmed instructional mater als1 ,Foley (1965) found no significant

differences between the achievement of"st0dentsi,1n a large class (203 stu,

dents) and those in a normal size class. He also detected nd differences in

attitudes.
,

HortfilY (1962) evaluated three methods of teaching elementary teachel,i

determined 1.;), varying-time allotments to lebture and discussion activity. Us-
. 1

.
,

ing computation skilXs, attitudes, concepts learping and retention, and unit
i

achieveme t tests as riteria, he2J1found no sign*ficant differences overall

according to the treatments, but ;a variety, of interactions between treatment
.

I. . , b,
sand individdal'criterion measures and ability.,

J j
two,

Basslfere 1.966) compared teaching m4thods,dete mined by types o rein-

,
forcement (inimediate.and delayed) and. two types of problelq exercises (p ysi-,

f.

cal world and mathematical pettings) with standard developmAntal teaching.
.

He found that neitner type of problem-generatedA aching was as effective as
1: , ..... ,

normal teaching andt.there were:nd interaCtions Of student ability and treatment.
...

avioral object es and task

ucatipn, ,

t.
.

He reported no reinforcement affects.

Henkelman et al. (1967) reporld us of a be,

anal sib apprOach tOrdayelop an experimental iniervice,tgacher e

*

0.r 87.
- 1:
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a
program. Desired behavioral outcomes were analyzed into hierarchies of sim-
ple components and an instnuctiOnal sequence. was devised that would most
efficiently lead to student acquisition of the'desired behaviors. No data
indicating comparative achievement was.included in the report.

Television is beginning to play an important role--in the immense task
of pre- and inservice mathematics education forelementary*teachersbut..the

tests of effeC venessforthis medium are inconclusi4e.

Pehte/ (1968) compared tikKie methods of closed rcuit television: -(1)
straight television, '(2) television and discussion, nd (3) lecture without

rtelevision. He found no significant
differences between the three treatments

but a significant interaction
between treatments and ability-of students.

High ability students did better with the mixed television and discussion,
method than,Nith-the nontelevision method.

4
Dwight et al. (1966) reported

a comparison of mathematics instruction for
element teachers by television and by standard classroom methods. On a

-battery of eight pre, and posttests,a regular class.averaged better than the
television class, and the difference increased with, time:

In doctoral studies, Green (1967) ancl:Byricit (1968) evaluated aspects Of
a multimedia syst*, for teaching Mathematics .to elementary teapihers. Lessons
in the system Modern Mathematics for the Elementarhool Teacher by Greed,
and Kalin consist of a riretape'worksheet.followed by discussion with an in-1
structon, a televised lecture,

posttelevislon worksheet, homework, and a
summary.;

Green tested the system 'by comparing its effectiveness and tht of regu- .

Ylilk, .Tar instructsop with 142 inservice elementary teachers. Achiwiemeut. and re-,
. tttention tests revealed no significant differentesbetween,the.treatments.. .

*V.I.
III-

Then Byrkit"bubstituted a tprogr
I . I

and'teacher discussion anddomp red effectiveness of the revisid sy.tem and
another approach using only the audioporti ncf tlie'televiSion to es. He

,

ed text unit fOr the initial wdrk heet
'

found no differences betweewthesetwo tre
. V e,Stochl (1463) compared the effactiyen

1

ticbs made in with'

.r final exam and'a'special-filM :iest on

. , _ - , t ,measupp, he found inft Signifidant-diffeiences,bletleen
the-treatments. . .

,-..,. , ....,:o . ,

. : In a noncoffiparkive 'dtu ..,..Mili;' aiid- KorPoia4n
,(196S):eValuated° an ili-,:;e- =. % --'4-t- % r ' : ,

serVice-course'inmathematics for eleVehtary,eac ers in itich viewing of 30
.,-...,

..minute telecasts'Oibllowea:,by seipl4t.disdt.leS* "!. The progi40 Consistek.*7
.---4:,_41 D. --'oe is lessons andzwasViewe&at

12',:pilift,cepters 1.n foui,regionWcenXera'i.

tints.

s !of practice teachingbserva-
NJ'

ose:done'airi'videotapes% sing khe methods course
/achingmathematics as criter.on

, I

a

.1
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4 Fre- and postz'ests of arithmetic, skill, structure of the number systems, and

arithmetic ins-it revealed that the 1921teachers who completed the entire

telemised course did not benefitisignificalir. On,the.other hand, White

(1963) fOund that a different 'television course in arithmetic did lead to

highly positive attitudinal changes in a group qf 92 prospective elementary.

teachers. .

In 'both of the preceding studies, the results are only appraisals of

particular televiSed Courses, not evaluations of televisicn itself. The

appropriate question, and the most promising direction for future research,

is "What use of television is most appropriate for a given subject and stu-

dent population?" A

:Summary

Recent research in mathematics teaching has produced rio m preak-

thrigugh in the search for personal characteristics, education, r class-

...00om behavior of effective teachers. However, several promising trends are
e

emerging in the focus and techniques of research.
AI

First, there is ef growing,realization that effective teachiAg is the re-
.,

sult of a complex interaction kettmen teacher ability, attitudes, and..be-

havior, student aptitudes and attitudes, and the structure inherent in.mathet

matical topics. The traditional earch for a.simple profile of a composite

."good teather" is giving way to investigations that ask "What kinds of teach-

ing style and subject matter organization are most-effective for teaching a

particular topic to some particular student 159pulation?"

4 Second,. there is a realization. that udent achievement on some stand-,
4

ardized test is a grossly dnadequatameasure for teachinesucceis. ff6re com-

p ehensive diagno tic assessments of s udent outcomes must be develop d and

ed.. 4

Third, several-previously uninvestigated classes of

have been uncovered by exploratory studies. The creative

of teachers has been 9uggested as an important determine

.

1 .

,
eaching variables

thinking ability
(

cf,success. 'Class-

ram observational techniques* of er powerful new methods in the study of,,,
,

teacherrpupil interaction variables. The most effective,inatructional use of

television", prograMmed m.ateriarg

the pedagOgical fimilicationS of,
--;*..7-

beginning to. be explored'. 1

. .

Fourth, the wide, ra ge of
tANOC

ssroom teaching must 1e inte

,

f

and computers is,as,yet undetermined. And

ecerit developments in psychology ara jus

search results bearing on the activity o
.

ated by a theory ofinathematics -eaching and

.

82 (
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translated ,into programw'ofteacher education: Although these problems are
receiving. attention elsewhere in education, little has been done to consider
th4e particular implications for itathematics.-

Results of4reseaech on mathematics teaching have often been unreli-
'able and inconclusive, but there is promise

of more rigorous and creative,
work in the near futuret

.
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PIAGtTIAN STIMIES

PIAGETIAN STUDIES ANg MATHEMATICS LEA.NING1

D. B. Harrison
Facility, of Education

he Universit of Calgary

,Although most of the research anthdirect applications from!PiagetlAn

theory currently focus On preschool-and elementar) school situations, in-

sights
.

A 4

into human learning and cognitive development that can be derive

a Piagetian point of vie/4%re equally applicable to tecondarrsch situations
; .

and particularly*to mathematics teaching and learning. °' The - present/ paper, an

attempt to substantiate ihe preceding opinion, is divided into,sik sections,

some of which may be of'greater interest toa particular reader than,others.

The first section consists of a brief 'description 'of the main 'features, of

Piaget's Theory of Intellectual Dfvelopment, The secOind section summarizes

' Piaget's views I5n Factors Influencing Intellectual Development, a topic less

fre4uently discussed'in the literature than the.theory'of stages of develop-
/

Ment itself. The third Section j.s devoted to conveying the nature of some of

the Elementary School-Piaget2Related Research that haebeen completed 4nd that
)

seems most relevantto arithmetic teaching and learning. The fourth fiction

r

describes a fewOf the very few Piagetian Studies in Secondary Schoo Settings

that have been carried put. Then there is a section on Edudationa 4mplica-'

_,ions from Piagetian theory and research, including particular references to
.-

secondary school mathematics learning and teaching situations. .Fitally, some/./
14

specific Sample Mathematics Teaching Approaches that fit a Piagetian frame of

reference very well are characterized:
,

Piaget'S thedry of intelle5tual

living learning as oAlginating from

Tab often the child comes toi.view "
t.

this or.that skill " for the teac
44.

Whereas in real life the Child

ment, doing things that'Are vi

fare. He explores, ex.erime

d elopment clearltdescribes true or

e child and his dwn interests. andL.drives.
, ,.-- a .: .

.

chool learning" as a process of mastering
,

er" or "to get by," or "to beat the systeM.".

arns from active interaction with his.environ-
,,

jelly interesting to him and for his own wet -.

s and modifies his beha4iour a

the world by mean9appf basic' Aelf-fUlfilling drives.

operate this werit the w

be done can be,found in

. 1A preliminary ve
Meeting of the Nation
Minneapolis, under t
Ins ruction."

.

21 11

,Can a child.be!led-to

ld of mathematics? Some clUes as to how this might

iagetian theory.

.
. .

sion of this paper Was presented at the trfth Annual
1 Council of,Teachers of Mathematics, April, 1969,4

e title "Piagetian Studies and Mathematics Learning and

93,



HARRISON

Piaget's Theory of'Intellectual,pevelopment

A basic notion in the thedry developed by Piaget and his colleaguesin

Geneva is that of a schema, a cognitive structure which has referenpe.to a
'

class of similar action sequences from past experience (Flavell, 1963, pp. 52-

53). A scheme can be thought'of as the-structure'common to all those acts'that

an individual considers to be 'equivalent. For example, if'a child's experi-

ence has led him to believe that putting three objects with four objects re-

sults n a group of seven objects, he posseises a basic schema that will enable

him to understand that "3, + 4 = 7."

Any problematic situation requiring behaviour which is already gelerally

rwresented in the child's mind is handled by being assimilated to the schema.

0.bearning that + 4 = 7" is assimilated to the knowledge that 3 objeCts

. f end objects make, 7 objects. Furthermore, a chfld,with such an opera-

tional schema is in a position tb understand that three hundred plus four ,

8. . hundred equals seven hundred without ever having to count out that many beads
...

-

or matchsticks (Skemp, 1958, p. 1 70). As another exapple of assimilation, sup- .

'pose that a pers6n has just arrived in a ldrge city t4th which he is completely.
)

,,,

a,
unfamiliar. He wants to walk from where he is to another location in the city. .

Chances are that he mighturchaie a city map, find-out which direction is

north, and proceed to plan a route for his walk that will take him t2 his des;
a

tination. 1Such

assimilation of

to proteed to a

a sequence of actions-would%.in 111 likelihood, involve an...

the situation in the strange city to what he 'would have done

Iodation inan unfamiliar part of his home. city.

O On the other hand, -if the'indilidual possesses no completely relevant, . a

sehe _ust be burnt- rouglb-e 'Du 'men acion or

instruction, or both, to enable existing' schemata to accommodate to the new 0

situation. For eample, a tonsiderable amount of relevant experience and.,:
,

traini g would likely be.necessary to enablea person, who has lived. in cities

all his life to fin his way, in a t4ilderness region, let alone survive, even

. chough.the city dwe ler might be especia-1-1-y-prOficieng-his way in-
.

urbanargs. He would need new belevant experiences to product modifications,
,-7.,

li j
'......) or his chematato accommodate the contingencies that might -arise out of the

. , .

\ . f.. I 'wilderness setting. Adaptation of an individual to'his environment nesults,

* e.lfrom the interpl )...

d&ay.of assimilation and,accommotiOn. ,. -. 0 .

,..) .1, .. .

Another basic idea'in Piaget's description of ile dvelopmentof knowledge :..
, . . "' . \ s .

is that of an,operation.'"An operation is an-interiorized action which can

modify objects of knowlid . For example, an operation could consist of,dbn--

e-.4estructin4 4 cleistficatiOn'of objects, of putting things- ih a series, of

. .
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, ;

, .

counting: of measuring, pf imagining an object being modified fvom one shape
4

to another. .

.
.

To know an object is to got on it.. To know is to modify., to tralk
form th object, and to understgnd the process of this transforma-
fion, and as a consequence to tuiderstand the way the object is con-.

'streted (Piaget, 1964p. 176).
's

i

An operation is reversible in the sense that if.can take place in both direc-

. tions (e.g.,joining and separating)'tv}
The attainment of reversibility requirdi

.% .
,

more.than an ability to actually undo an observed transformation, in that

%

the

individual must anticipate in thought a return to the State prior to thejtrans-

formatiOn (Inhelder, 1962, p.,35).

'In the child's development of dperational 4tructures, the basispf khow=

ledge, Piaget has distinguished four mainstages: a sensory-motor, pre-verbal --

stage extending thrcagh approximately the first eighteen months of life; a prec,7'.

operatior141 stage extendiriefrom'about eighteen months to about seven Years; a.
.

concrete operations Stage from about seven years to about.eleven or twelve

years; anea formal operations stage which begins at about eleven or t welve

years of age. Althouei the order of succession of stages is constant, and is
.

L the iwortan notion,,the chronological ages correspbnding to, he stages'vary

a great dea frig culture to.cqlture'and 'individual tp individual AInhelder and

Piaget, 1958, pp. 1772-178; Flavela,' 1963, p. 86; Inhelder,1962,.ap. 26-27).'' .

!

Dujing the sets6ry-Motor'stage (frrst18-months) is developed the practi--

cq. riowle'ageionwhich'later repvlsentational knowledge is built. For example,

the schema of a permanent object is constructed so thdt,toward the end' of thiq
,

stage; the infa will 'i tcz_find,a_previbusly-seen-ob .,

his perceptual ield whereas,pe would not have done so in the first few months%
, .

1Cousequentay.;.a notion of practical or sensory-motor space i3-bbnstructed along.
,

.

with,votions df. temporal suCcesiihd.elementary,,sermry:motoy causgaity 46

(new, 1,9641,..1), lii). ''. I. k:

, The \''

.1 .
.

re o erational stage -(tip at about 7 years) is marked by the begin-.-
V .,

flings of la guage;bf the symbolic funotion,..and consequently, of thought,or ''..k.
.111.

4representat on. 'Ii'econstruction of all that was developed on .;.trel\sensPry-motor
. i

wash

level, im4t occur at the.ievel of.rdPreseptattonal thought. Throughout this .%...
t

stage of pre-operational represehtation, there is no evidence ofconserNiidp' ,

,

1 'CPer.ception otle,basic elements of a situation thatApmain constant under
, , .

. --
1

. ,ce*Vn. transfof'mations -- the. psychological criterion of the attainment of

reversible ePeraiions)0 For'example, g.i.ven two equal ball; of plasticlne and.
/. ...

asked to rdlI one 0.them, intO a sidsage shape, the child will assert that there,..,
4 . ' 'iN . ,

OM .
... , -

, / 14,* , 7
. . ,

r . :

4
, r

"',,;',
'. 1 .0 9' 7 :

.

1
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is Tore or less substance in the ban in the 'ball' dep nding on whether
...-he, focuses on .* increase in length ,e decreape in dia ete He cannot

seem torelate different aspects dr
, 01 -

ions to one anoth r, and he tends to

be deceived by his perceptions. He canno
.

mental,ly imagine he lusagerefting

re-ro;led iAto a ball of the original size His concrete thoght processes
, .

are irreversible (Piaget, 1964, p. 177; In elder, 1962, pp. 2 -26)\

',

.

, ,:....

.,...,

In the qtagemf concret%TerattonS, xtending from abUt agelseven to...,o,
# 1

4' about age eleven% a Nought struciUre,.pct et separated from i s concrete con-
vc'" Li. %A text, is formed. 'The -first operations 4ppe r along with system of operations

,

that can IA carried out simultaneot.61y -(-1.i contrast withsenso -motorac-

tions which are carried obt obiy in successi n. The operations a e concrete,
,.

in the sense that,khey operate On real objec s. Examples of Oper ions develop-,
,la_.4. ., .

ed .n this stageate.those pf classification, of ordering, and of onstructionf -

of the 1-41bn df,nlim10y, as well as oper.ltiOn of spatial and tempo al nature,
4,.:. .4

......
4, t t' o..

operations. of ..a-,entary logic of classes -nd relations, and op ations of1 4r*.
,z.: , ,

4,elementtry
404 geometry, and phySics. The yet incomplete 8 tems of .

4

operation are,cbaracterized by two forms Of re -rsibility:. negation, in which
.

. , ,-`
.- C 4

a pereived change is Seen to be cancelled by i s corresponding negat ve thought

operatiOn; and reciprocity, in which, forexampl , "being a preigeee is'seep
r ,

. ,.

,
as a reciffrocal'reiatioriship (Piaget, 196 l'7; Infielder, 1962, 1)..26).

. .

Prior to this level of development the chld has iffioculty seeing him elf as

a'foreigner to people from other lands. 9imilarl , a boy-ight assert:that
. .

...

another boris his brother and ypt deny-that the s cond boyAbas a brot .r.

Younger ahrldren,are basically egocentric 'and have ifficulty dissociat ng
1 ...

... . *
I. themse];,vgs from any givv.sithationz,

. , l

ThOfourth stagethat of formal onerationsube nning on the aver ge at

about eleven ortwelve years of die, i c4racteriZed .y the developmen. of,
,

tal; obdtr dpghi operations with whcich the ado scent can reaso in
,41

.

terms of hy138these -44i4c4 only in terms of objece. for to this le, -,1 of

' development theiceld thinks concretely rather thansieheitively, dealin wxth'''

each groblettilin isolation
-

'...

and not integrating his solutions by means of
, z

dpi which he could .4bi-EaA-a COMMOirgrinCigie:--fn co trait;
.

s-'most intenested in theoretical problems and in constr tit*t
heoretiXal systems (Piaget, 1968, p. 61). T e adolescent can identify I

.-,, .
, , . , , -

pos4ble faCtors relevant to a problem under Investigation, and he,cati f m
* ...

all po ithe combinations of-these factors, one at a time, two at a. time, three

6 .eta me, and sd on. He can form hypotheses, Construct experiments to t sr
,.

hypotheses against reality, and draw CionClusions from his findings. He ed no

longer confine his attention to What is real but, can consrder, hypotheses k, 1. .

y , ,, . .
,,,

.
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."'May or may not, be true and W ork out' what would"follow if they were true, That

is to say, inaddition,to considering 4hat is he can consider what might be.,

Nos

0
.{k4

PIAGETIAN STUDIES
.

The hypothetico-deductive proced.ires of-mathematics and science-have.beco e. a

'open to hiM(Piaget, 1964, pp:177-178; Inhelder, 1962, pp. 21, Q7-A; Ad

i966, p.'579; beLyne,a957, pp.48=10).

An example of,formal operational thought isthat carried'on by the ado

scent in copineWith a problem:in which he.it given five bottles of colourless

er,

.7":1-;--lignia, of which the first, third and fifth combine,to form a brownish cokou

the second is neutral, and fourth bleaches dit colour. The probleis to,fin

"but how to prodUce the coloured solution. The adolescent discovers the combi-.

natorial method, reasoning tgrough the construction of a table of all possible
C,

combillations..and experimentally determining the effect of each faCtor. This

type of re4soning it beyond younger' children (Inhelder, 1962, p. 27).

. .

FactorsInfluencing Intellectual Development

41
According to Piagetl.the development frbm one set of mental stnuctuees to

another is expiained.by the 'operation of four factors: maturation, experience;

social 'transmission, and equilibration. =ffe,states that none of these is suffi-

cient.} iiself'tolaccotint for the '12recei
\

ng descriptions of'mental development,

but horonsiders the fourth, equilibration p:'r self-regulation; to be 'the funda- .
. .

d

mental factor (Piaget, 1964, p. 178)..
-

i: "
.

Even though maturation of the nervous system-plays an indispensable role

it

1
evelopment,,it,doe not explain everything because the average age at which

eac pf the,ovarious
,
stages occur (but .not the order of occurrence.) varies'

1 ..
widely fromoociety to ii5Ciety-tPlaget-,71"9t4-",--p. 1781.

0
.

,Experience of objects, orphysical reality, is_also a basic.factor -In the

development of cognitive structure, but it does, not explain everything. For. ,

example, some of theconcepts which appear at the stage of concrete operations

cannot be drawn from experience alone. Consider the fact.at a child becomes

cognizant 'of'conServationof substance at approximately age eight, but he doe's

or volume is.conserved until some time later. Weightv.
and yollIme can be perc ived directly; but howcan the amount of substance be

not assert that weight

cdnsideredwithoutnot ons of weight..and volume? The child comes to under-

stand that when there

cene, I'or instance; so

4

s a transformation of the shape of a quantity, of plasti-

ething must be conserved because the transformation can

reversed to that'the plasticewcan be returned to its origindl. condition.

Sihce It is not yet theI weight' and rat yet` the volume that is seenrto be
e-

. . .

, 1
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4.

conserved, the notion of conservation of substance is simply a logical neces-

sity -- no experience can show the child at this'level that there is the same

amount of substance. Furthermore,,experience is of,two psychologically dis-'

tinct kinds: physical experience and logical - mathematical experience. Physi-

cal
-

cal exPerience conforms to our usual notions of acting on objects and gaining

soma knowledge about the objects through the process of abstraction. Logical-

matheMatical experience, on the other band, is draWn from the actions effected

on the objeCts. For example, a child discovers that, no matterhow he arranges

a certain, set of pebbles and no matter in wliat direction he counts them, he
-

alwayg has the same number. T9 make a surkand to order the pebbles, action is

necessary.' The child has drsCovered that the action of putting togepier'(sUm-
J

ming) is independent of the actibn of ordering -- this is a.property of the

actions, not of the pebbles. Herein lie the beginnings of mathematical deduc-

., tion, which are further developed by the interiorization of the actions so that
---

they can be combined without the need of pebbles. Before the feemal operations

stage, the coordination of such actions requires the support of concrete materi-

al, but it later leads to'logical-mathematical structures in whiCh operations

are combined through the use of symbols addeaolier logical-mathematicalstruc-

tures are used A& a point of departure in thinking about new combinations. The

source o logic lies in the coordination of suchfactions.are joining together ,

and ordering. Lopcal-mathematieal experience, and experience of the individuT

al's actions, not an experience of the objects them'selves, is necessary before

there can be operations. (Piaget, 1964, pp.-178)-180)e

Social trans ission, linguistic or educational, is a third basic factor.

As an e_ATIX19,1e9.f..so al effects on development, consider Riaget's observa-

tion that the emerg nce of formal thinking torre'sponds to the age at.which

\

Spciety expects the .child to begin assuming adult roles. Not the onset of

:ILIberty, but the pressure td assume adult roles is the distinctive feature cif. °

adolescence in modern civilizations (Inhelder and Piaget, 1958, pp. P51336).

However, in order for a child to'receive information from society he must have

a structure tat enables him to assimilate the information. Conequent.ly,

social transmission by itself is not, adequate to explain developgiet.
41, e- "

narily
*
a

\

five7yeari-old, for example, cannot be taught higher Amaethatica be-

cause he does not yet have the structures that would enable him to understand

(Piaget, 1964, p. 180).
. .

.,

Equilibration, the fourth factor, serves to relate the othe4h4ee factors.
, .

An individual engaged in the act of'knowing is led to react to compensate _for ------..

external disturbances so that a stateof equilibrium can-be reached. The.
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. .

process of equilibration leads to operational reversibility, which is character-

ized by an equilibrated system in which a transformation.in'one direction is

compensaIed forpy a'transformation in the other direction. This active process .

of self-regulation embodies thf concept,of fedback from the individual's inter-'.

actions with his environment,'-and it takes the-form ofa succession of levels of

equilibrium! A systen isin equilibrium when a-disturbance Which modifies the

state.of the system has ,its counterpart in a spontaneous action which tompen-

sates for it. Levels of equilibrium can be 5,dentified according to'the prob1

ability of the occurrence of various possible forms bf compensation. Laws of

equilibrium.determine,'at each stage of development-, the best forms of adapta-

tion compatible with maturation, experience, and influence of the social milieu.

For instande, the pre-operational child can only cope with one dimension at a

time and is led to assert non-conservation of'a substance whose perceived form

is altered, whereas a child in-the concrete operations,stage is able to take

account of compensating changes in dimension (focusing on the transformation and
4

not on the final configuration) to arrive at the notion of conservation ( Piaget,,,,

1964, pp..181-182; Inhelder and Piaget, 1958, pp. 368 -369).

4

In the formation of the ability to conserve quantity, for example, the
'

following stages of,strategy are

ability

(1) considering onL dimension

to.the neglect of others is the most probable strategy in the beginning,

(2) emphasizing the second dimension becomes the most 1P(ely as a result of ak

employment of the first strategy, and (3) oscillating between oberved compen-

sating changes in the different dimensions becomes most likely as a result of

the preceding strategies. The-process of equilibration Starts at the level of

self - regulation and sensory-motorafeedbdck and leads to operational reversibility

igen oug at ig er revels of development. Every new Problem pro-.

duces disequilibrium which is recognizable by the dominant types of errors made

in coping' With'the situation. A solution is often arrived at by synthesizing a

new operation from formerly distinct, operations to produce a new state of equi-

librium. Consider, for example,.the derivation of'the concept of ordinal number

from the process. of cardination-end the action of orderings The "second" element

in a row is the one that has one predecessor, and the "third" element is the one

with two predecessors, and so on (Piaget, 1961, pp.,2:79-281),

Piaget's viewston the development of Cognitive processes are well known,

but what' can be' said about his view of the lbarning Process? He maintains that

the learning of any logical - mathematical structure can=be accomplished only if

/,the teacher can build the structure to be learned from.simpler, more erementary

'logical structures. This view is derid from the notion that 'logical structures

99.
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are not the result of direct physilal experience- They can be grasped only
. .

through the function of internareginlibration or self-regulation in coping with

the characteristics, of various ,actions. Byway of example, Piaget and Inhelder

have led five-year-olds tolgrasp conservation of number by getting them to drop.

beads simultaneously into a glass they cart see and one they cahnot. Usually
.. ,.-

children Cannot grasp conservation of number until seven or eight if they are
,

presented situations In which a one-to-one correspondence between two.rOws of .'

.
, ..

objects is set up and then one row is spread out; The former (hidden glass)

structure is Analogous to the latter, but it is embodied in a simpler situation.N::

It at been found that c ildren can generalize from the simpler situation to

Igr sp the concept in th mvre'difficult setting. Learningiof4 complex strut-
.

ture is possible if such learnivg is based on natural development from. and per -

ception of relationships to more simple structures. In short, the learning of, ,

.. ,

structures seems to obey laws similar to those governing the natural development

of these structures. Learning is subordinated to development? Learning is only

effective if -it is lastihg, if it can be generalized to new situations, and If

the le4rner's operation level is raised. Naturally devel6ped cognitive struc-
y ( .

res satisfy hese criteria, and,"learned" structures should satisfy nothing
r --- ° ..

.; Furthermore, learning is possihde only when-there is active assimilatiOn_

on the partof the learner, assimilation in the sense of integration of reality

into cognitive structures (Piaget, 1964,-pp. 182-185).

Thus fiu-Sote of the theoretical ideas underlying Piaget's experimentt have

been reviewed an?now an attempt is made to indicate the nature of some of the

Piaget-related research that has been carried on at the:preschool and elementary

school level and that seems most relevant to arithmetic teaching and learning.

Following that, descriptions are given of a few of th ew Pkaget-related

studies that have been carried on in,setond schooisituations, The balance
.

of the paper ds then devoted tb uiscussions of educational implications from

Piaget's theory'that seep most relevant to mathematics teaching aria learning.
)

..
.

Elementary School Piagete-Related Research
it

/
Piaget's TheChild's CondeptiOn of Number (1952) has inspired many replica- .

1

tion studies, which'haye, on the whole, confirmed his f ndings that the child's
. 4m

ability to conserve number (i.e., to understand that the number.of elements in
.

. a group does not change no matter how they are rearranges) is arrived at gradu-

ally and that tie child passei-through three stages in attaining number conser,-
. . : .

,.
. ,

vition. First, there is a period of nonconservation in which the child's judg-

me'nt
' N

impressions.regarding the equivalence of two sets is-dominated by perceptual

100
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FolloWing this is a transitional stage in which the child vacillates' between

conserving and non-conserving, depending on the nature and extent of4the ob- .

served'transformations. Finally, -a-ltage is reached in which the dtl'ild's con-,

ceptions of number become stable -- he isono longepdeseived by appearances.

He sees that the number of elements in a group does net change no matter .?cow

they are spa 410 out or, rearranged. He has attained conservation of number

(Almy, 1966, pp.'22-34). '

For example,-a child of about ,four years of age who is in the nonconserva-
t

tiori stage will typically approach the-.problem of finding enough eggs to fill a

row of seven egg cups by,making an equally long row using perhaps only four

eggs. When he is asked to put one egg in each clip he is surprised that there

are,not enough eggs. Similarly, if he is presented with a row of twelve eggs

having the same length as a row of seven egg caps, he will typically assert
-411....

that all twe'lye eggs will go into the cups. Even after being led to match a

set of egg cupsome=for-one with.a set of eggs, he doubts that the two sets are

' equi'alent when they are no longer lined up. In this early.period, number situ-

ations are responded to or)a purely perceptual basis even if the child can'count

plmy, 1966, p.,27). r%a,

' In the second, trnsitional stage the child has nordifficulty setting up

a one%-to-one Correspondence between two sets of objects, but he cannot maintain

it when the arrangement of the sets is changed,(Almy, 1966, p. 27).
- ,

In the third, conservation stage the child discovers that any change in the

Spatial arrangement of the objects can be corrected by an inverse ope'ration.

The child retains access to the information he derived from his observaticm4of
,

'' a one-to-one relationship and' he Can use this informatOn in spite of any, per-,
c :.

ceptual discrepancy (Ale*, 1966, p..27). . ; ,
(.. P,

t ,

'';'A

Piaget's proposition that discrimination, serlatioA, and numeration'follow
\

.. 1in that order to the child's developmeht of number concepts has been borne out

in a study by David Dikkind (1968; pp. 56-'8) ittolving ninety children tanging

in age from 'four to six. FolloWing,Piaget'socedures, he administered three

test's invOl4g,two sets of nine size-graded sticks (the second- set was inter-
.

mediate in size to the first set). In the firth test, a discrimination test,

ne

was given a score of one point for sbccessfully being able to do each of4he
followipg things: 'find the smallest, find the largest, find the smallest,after

A
tOhe child was presented with o set of ''nine sticks in disarray on a til4e. Be.

the sticks had bean arranged so that ;the sma est appeared larger than,the other

sticks, and find the largest Of-ter it had peen sguised (four points altogether).0

The second test, a seriation test, involved gpesen ng the child with nine'sticks

'tom
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disarrayed'and asking`the child to make a stairway just like one that thetex-

perimenter constructed and then dismantled. If the child was not ale.to,t1O

this-With nine, five were removed. If he was successful iA making a stairway,\ -

with four sticks he received one point. If not, he was not tested further.

successful, he,Tdas asked to,build a stairway iith seven sticks (for one

more'point).' if successful again, he was,asked to build a stairway wish, nine

sticks ,(one point).. Finally, if he succeeded with nine; five more"sticks

selected at random from the second set of sticks were brought out and4the child

was asked if he co 'uld put them where theybelonged (far One more pdint). The

third test, a numeration telt, involved presenting the child with an intact

stairway of nine sticks and askiligliim to count the number of sticks (one

point).. Then a doll was placed on the 'first stair andthe-child was asked:''

"How many stairs doeethe doll,have to climb. to get on this stair?" If the

child was able to'answer'correctly When eaN stair in the stairway was apinted

...to in succession, he was given one more point. A further point was given j.f.,
,;-

the child could answer the preceding question when the fourth stair was

pointed to and when the seventh stair'was pointed to. Finally, the sticks\
!'U

were mixed and again the fourth and then the seventh stairs were pointed to

and the child was again asked hOw many,stairs the dolt would hav e_. 4ad.to climb

(for one point). The purpose of giving the numeration test was to determine

whether the child could coordinate an ordinal position with a cardinal value

(the number (D-stairs climbed). All three tests were-giqenthfee-times at

intervals of,one week using stick pnetime, slats another and blocks the third

time (different groups were presented with the materials in different order)..

XElkind, 1968, pp. 59-61.)

When Piaget used tests like these he found that the discrimination test
-- . - 0

'was generally passed by four-year-olds, but he found three stages in childrenc's

ability, to seriate and numerate size differences (Elland, 1968V
. $ ,i .

Fitthe first stage in the developMent of seria on (*Oily at age
4), children generally are unable to seriate ti ks abovalsmall
number (three or,four). At the Second stage,( usually at age 5),
children are able to .make,a correct seriation after considerable 6
trial and error, but are unable to ins grt the second set of'sticks
within the completed stairway. Children at the third stage (usually

,,

at, the age of 6 or 7) are able to fprm a stairway andp,insert .:4,
correctly new sticks within it. PiageAt observed garettel Stages in.

'Vthe development of numeration. Children at the first stage
Casually at age 4) are unable,tOtso rit-,:correctly and cannot,,

f6
determine' the number of stairs:he doll had`44imbed. At ihe'seond,',t.,,,,.

ir''

stage ,(usually atage 5), children .are abl, to tell how many stairs
the dollhad climbed when thelVeirway wa intaci,,:bit not after it
was destroyed. Finally; at%thikthird-stage' (Usually,at the age og

,

6 or 7), Children are able to say how many stairs the tdoil had
. fclimbed whether'the.stairway was together,or was, in pieces (p, 58,,, 0-
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Elkind, in replicating these-tests, fount significant increases in.mean

' scores on the tests Of'discrimination,.seriati,on, and numeration for groups of
A

children, of ages 4, 5,,and 6. Some differences in difficulty related to differ-

ent,materials used (stickg, slats, or blockd) were also found.(?] ind, 19,68,(..._
7 'pp. ¢2,.67),

1.

,
1

,.'140h1N3Ws_11.968, p...75-104) scalogramanalysis of development of the

number concept was designed to provide experimental' support iOr'Ahe thebreti_cal
r.".premise that development` of a concept!g ceroeds_from discriminative 4.bstraction.

,46.!:.

through elaboration of mental structures which leads to a state "... in which
.

.
the concept exists as a purely remesentational symbolic entity" .(p. 76).

The apparatus used in Wohlwill's study was a vertical board with three
e,

doors Over.which "choice cards" were hung. Be)hind the doors were receptacles

to hold coloured chip "rewards" for correct ch?4ces. Each subject was given

a 'pr ctice trial" in which the choice cards displayed two blue &its, three
. ..

blue dots, and two purple concentric cilitles, respectively. 'The "sample card"
,

.

alto showed two purple,concentric circles but larger than on the 'corresponding
/..,-

-o,choice card. The,expermenter told the subject that he would hide a chip be-
,

hind one of the doorSand the subjeCteshould try to find it. The subject would .

be...able to make a e,:weeut- choice --ever -2-t-i-me-i-f--kle--locesamle__,L___

.. ,
cardwhich would to 1him th/r door. If the subject made an incorrect

.

choice. he was 41owe to cor it until he found-the chip and he was urged to
_

C

look very closely at the amplecard. This corre6tion procedure was Used onlyi -

in this single practice trial

/

(Wohlwill, 1968, p. 7.8). -
.

-

.

.0a
/Then the subject was given a series of training tasks in which the choice

a
cards displayed two, three, and four blue dots, respectively. The eighteen '111L.L.,

'r

sample cards used featured two, three, or feuvoaOts in,varipus configurations.

' The criterion for retaining a 'subject for riartiaipation in the rest Of the
w

experiment was that he should ,make, at least. six consecutive correct responses
. ,

.

' (matdhing sample card with appropriate4choice card.). If the criterioh was not
. .. ..c

met iNIgrty-eiglit trials, the subject was discardld,from the experiment
.. h) % 1

(Wohlwill, 1968, p. 80). 6 ,
,

. ,
.

. ',..

, Successful subjects" Olilt then given a-series of trapfer tests which are
..A.

described below in the order of difficulty hypothesized by the experimenter,'
,

b'egipning with\tht:leagt 'difficult, (WOhlwill, 1968,-,pp. 80-84).
. ,._

.
,

Test' A', Abstrattion: The choice and sample cards used varied npt only/ in

'number.but also.in form (little 9dards; circles Per tri- angles).and colour '

. o 1 .
(,grevi, red, blue). The sample card matched each choice card on only one of

, e

,c4 ,

f/1 .), '
' ir .4*

4,

I
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the three dimensions and the subject was forced to,abstract the dimension of

number from among the other, irrelevant dimenSions.

Test B, Eliniination of Perceptual Cues:' The ch'oice, cards used -were the

same as those in the-training series-but the sample cards were4aqtangles
. .

dividedinto,'three or four adjacent squares.
,.

..

. 3
,

squares.
..I

; '
_ Test C, Memory: The sample cards were those of the training series, but

the choice cards were remolded >over the doors. - , .

-,

; .1.
( .,

. Test D, Extension: tix, seven or.eight Alue dots appeared on the choice
f . . .cards and sample cards to give an extension of the training series.ta higher

.-.
, .

portion of the number scale. Q
.. , - ...

/
`Test E, Conservation of Number!' The choice cards displayed sixhAen, or

eight dots as in TeatliD, but instead of sample cards a number of small buttons

were used. First, is buttons were arranged in a pattern exactly uplicating

the configuration'of ots on tht corresponding choice card. The sub ct Was

asked. to make a choicp but was prevented from opening the door of his c oice., .

Then the experimenter;f scrambled'the butibns by,handas the subject watched.
.

Then the subject Ras asked to open the door under the appropriate choice card.
.: .,

He was prevented froMcountinethe buttons. t
,..

___4_._
.----"

Jest F, Addition%and Subtraction: 'Instead of s.ample cards, buttons were
..

.

again used as in.Test,E, but this time either one but.dbil was added or taken
.;

c .....,:.

"away before the subject was allowed to ppen a door. - ?

. . .

.0
4 's; Tact P, Ordimal4Cardinal Correspondence:' _The choice cards use0:were-those,

'Of the original training series, but :the ample cards showed a set tsf eight
. .- . ,

-bars'arranged verticarly_in grder,of.increasing.length. The bdrs were all
,

\
differently coloured and . a red -bar was used as a cue bar in either the second,

7

third. , or fourth position. The subject was told to look at the bars and notice

where,he found the red bar among all the bars. This, would tell hiwhich door

Was the correct choice.

The Criterion.for passing each of the tests was five.correct responses

out of six trials. Seventy-two subjects in.-the age range 4:00 to 7:00 com-

pleted allFtheAtests. There were thirty -five' boys and thirty-seven girls from

kindergartens and primary schools in Geneva. Table I from Wohlwill.(1968,'

p. 86) displays the-number of subjects'who passed each test.

104.
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0
Tests E through,0 were considered to invoke higher-order relationships among

numbers. Test D was considered to be intcermediate,...demaliding,fn ability to
, -

enumerate (Wohlpill, 1968,,p, 96.). -//7"

t-

PIAGETIAN STUDIES

I
TABLE I

THE NUMBER OE' SUBJECTS PASSING.EACH TEST

B. Elimination Of Perceptual Cues

A. Abstraction

C. Memory

F. Additiori and Subtraction

D. Extension

E. Conservation

49-

,46

32

24

21

14,

G. Ordinal-Cardinal Correspdndence
/

6

/

Wohlwill's scalogram,analysis diTsuggest,that the set of tests did re- _

.,,,

precept a single,. cumulative scale.- He interpreted Tests A through 'b as involv- .

)
ing matchingof particular numbers

, . . .

with varying degrees of perceptual support., &.

The results were viewed as giv/ing support to the postulation of. three

stages of development: an initial/ preconceptual stage which number is

re4ponded--6Y-En purely perceptu

perceptual support is needed;

number is achieved (signifie

between ordinal and cardina

1 terlis;,/an intermediate Otage in which red6"ced

nd,1 stage in which an ah6tract conception .of

1
by the Conservation of number and coordination,

- )/

numLer notions),. Such a desLripti,on is clearly,

related to and supportive of Riaget's theoretical views (;1ohlwill, 1968 °

PP 9e(-91). °
. _,t.. o-

A somewhat detaile desdveption,of Wolhwill's study-hl been given becau

of its - original, fair y tidy apprtilt and because it 'is sUggestive of how
4, 6 4;

standardized Piageti n tests might be developed for assessiong,gahild's
I Y

.

of,perforMance to a d teachers in planning appropriate' learnillg

,,Steffe (1968..found_that of 132 first-grade chAdren, the. ,3

exhihitegthe lo of conservation oi numerousneSs perfO'

cantly.less we on a test of addition problems and a test ofa
, s t-Lc- 4 ' ,

adren in the higher levels. .

. . %MIMI (196). gave' Itb beginning first ,grade stud?, s ,a test bas d on

Piagee't e.a'-'ifi;Vi:onsof the forMation'of numper concepts nd,found a trong-,

significant positive correlation between the Piagetian
c

p e4ictive to
z-,,

on the SRA Greater Cleveland Mathematics Test given'it'l

th)dt /
/a 4ign.fi-

dition facts/

J 6

*an.
11 2'

scores

he end of t year.

A
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.7

Brace and Nelson 1965) shave reported a study involvini-128 playschBol ,

.fchildren in which ey found that thepreschool child's ability to count is
.._.

not a reliable teri-on of-whethei" or not he has4'achieved number conservation..

T ey also f nd that concepts of ciapdinal and ordinal,numLer do nbt .d&4elop ,
/ ..

Conmurre ly.
// ,

1

almer (1968,'pp. 6-7) produced gains in children's Nbit ty to conserve g

by expr ssing verbal sur-

ng nonconservers

er by pr cing(.6ognitive conflict'in two ways.'

prise whenever a child responded as a conserver and by expos

to the contradictory C8nilusions of their own'peers v&yereialready conservers.

Two months later', that gains produced by these forms of training were found to

haye,remained stable.

However54Piaget haM,some reservations about the advisability of attempt

ing to accelerate the developmental pattern. Devid Elkind (1962) has. relayed

an interesting (secondary source-) quote from Piaget that conveys these reser-.

° vations very well.

V

Probably, the organization of operations h s an optimal time:.. for
example, we know that it takts nine to twelve months before babies

,

7pkgelop the notion that an object is still there even when .a screen
4ii,placed.in front of it. Now kittens go through the same stages
as children;al=ameatdittaLZIthey do it 4n three tonths -
so they are 4thio anadventage-ror---
isn't it? We Can certainly see our answer in one sense. The kitten
is not going to go much further. The child has taken lOnger but he
is capable of gOing further, so it seems to me that thenine months

probably'were not for nothing.(p. 540). .

Neveetheless, manystudies, particularly in the United

.4esigned around training programs for inducing conservation

StatA, have been

in nonconservers,

and,, hence, to accelerate the grorthof logi,calrthought, klany different
-` - 14

approaches have been used. Some training procedures nave been derived from

'4 'Fiagetiartheory (e.g., cognitive conflict situations) fp4,stme have come from

behaviourist notions (e.
f"

g. ,..direct reinforce4practice).: No single training

procedure appears to, have been equally effective for all cases. Traini:ng

effectiveneee seems to be mutually dependent upon the child's developmental,,

level, thehature of the conservation problem, and the kind oftraining tech-
-

nique usedikSigel 'and Hooper, 1968, pp. 258-263).
Fi ,

Smedslund (see Sige and'HooPer, 1;968, 260) has ioundthat,expoSure-to

Conflict'situations is e feCtive in' inducing";,

children; especially in situations invblying conservation of discontinuous

servation of quantity for some

quantity Nam of beads,Job-eRdWie).
/,

length conservation.

4.1"

He found 'similar' results

4
106
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Gruen -(see Sigel and,HooperT-1968, p. 261) found that/a combination of

verbal pre-training, involving terms such more and ame, and cognitive con-

flict experjenceto be

number conservation. I J

S
.

4 beiAn Qsee Sigel and Hooper, 1968, pp.'''261-262) found erbal instruction

techhiques which prOduce4zognitive conflict/to "be success 1 in producing signi-
'

t \ f,fcant posttest.diffei*ces in number d length conservation.'
,.

.,.

Sigel 'and Hooper (1968) believ that the training studies .

... , *
....,pr4ide two valuable guidelines for the educator: First, they
provide criteria by which curriculum units cat be analyzed for
sequence and relevance the development of cognitive behaviors;
and second, 'they asses teaching strategies relativeto these
curriculum,consider-a cps (p. 263).

,
$

Piaget's The Chil s Conception of Geometry (1960) describes the child's
,$ /

rior to direct, reinforyed practi,ce in iriduckowk_.

. .

conception of,spiie and i*smeasurementas. developing through, .an Invariant ,)..r
... -I

sequence of itages,.beginning with attainment of topological concepts (per -e

ception ofpropertie4which_are invariant. under distortions of an object ,

pro6eding to Projective conceFts (by which objeCts are seen' as being, oordi-
..

nated in space rather than as isolated entities), and, finally,Eto4 ean con-
I /

cents 4.i.wh,as angularity, parallelism, and distance (Sigel and -Ho er, 1968
/ _______---z------.'

.7. 116).
-,

,....,

/, Avexperiment by Dodrell (1968, pk. 118-140) did, on the' whole, corrobo-...

rate this sequence but so* difficulty was encountered in ;assigning any given
-,,'

child,to a particular stage of development. .

' it

. ,

.

Uoyell, Healey, and ROwland (1,968, pp.140-157).found a more clear-cut
_ . ... II,. r.

sequence of developmental- stages than Dodwell did- when they analyzed. the data._ ,

--, -- - -..',,. --'T ----
'forfrom twelve conservation 'of length, measurement, and loci experiments carried. .

, .d.'-'.".4, out w4h children of ages five to nine.
dr

. -... ,

The discusgion so, far presentedregarding Piagetian studies in .elementary

sch of settingd represents only a very small sampling of the great number of
ad1.

studies-that have been Completed.' The purpose has beensto convey some !
.

idea of the types of studies that have been carried out and of typical find
.k

ings from these studies. Several other excellent recent studies that havb not c
t .

I _ &"
.

been referred to directly are included in the Additional References Section.

foil-

Piagetian Studiesti.-n Secondary School Settings

nhelder and Piaget, in The Growth of LogicaloThinking from Childhood to

Adolescence have described investigations that illustrate theiontrasts between

107
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concrete operational thought (that tyil

eleven years of age) and, formal operatio

cents of &outage eleven or twelve and

4

al of children of roughly seven to

al thought (that typical of adoles-

ove).

''In!the first experiment described in

(Inhelder and Piaget, 1958) the subjects w

out of'a plunger that could be aimed,so tha

table after rebounding from a cushioned bank

he Growth of Logiql

e given the task of
;

the ball would hit
0

h subject was

Thinking

shooting a ball

a target on the'

questioned. about

what he observed to see if he was able to ind ce from his various attempts that

the angle of incidence equals the angle df reelection'. Concrete-operational

subjecis were found to be limited to asserting. specific instances of the rela-

tion and to making practical use of it to shoo accurately; they were unable

to state it in4ts general form, as a law. On t e other hand, adolescents. seemed

to look for general principles from the outset,, arming general 4potheses about
1:6

the regularities they observed and putting them to experimeptal test (Inhelder

and Piaget, 1958, pp. 3 19; Pleven, 1963, pp. 34 -348).

.1

Andther experiment requiied each subject toe plain,why bodies of varibus

densities and sizes would float or sink in Water. Concrete - operational chil
1.;

. ,

yen would try to arrive at an exelanatiOrkby Meanss of a double-entry classifi- ..

cation o£ Observations..: la - heavy, small-heavy., large-light, and small-light.
. . -. .,. ,

-.- They would identify the class-ofsmall-heevy ob'jects -as the -non-float/it t..1..

They.did not arrive at aConcept of density they could not think in
.

.:u.
......

terms of the volume of water displaced in order to relate the weight of-the,

objet to the weight of the waterdisplaced.'pe:.onlyvolumes.that could be
. '..

t empirically observed were the volume of'the object and the complete volume of

water in. the container. "Mere ,is no empirical correlate to density for the
, 4 k

concrete-operational child. However,
,

formal-operational subjects) ebomt.Age.....,, ,

F

eleven or twelve, were able to eliminate contradictions by casting their expla -'
x .

...
nations in terms Of ari'integrated system of variables. Rather than a double-.
sentry classTcation, the formal-operational subject would utilize a logical

.t-...

structure involving reciprocal implicationand the potion of independence
. ,

.,,

between two variables. He eventually would postulate.that a given object
;:.;

f t

floats only if its weight i srlighter than that of an-equal_volume of water
A

(Inhelder and Piaget, 1958,.pp. 20 -..46; Bruner, 1959, pp. 366' -3B7).

"The adolescent's growing skill in scientific reasoning vitas illustrated by

an experiment in which the problem was to niscoVer the variables affectinvhow

much a rod would bend under a givn set, of conditions.. The materials involved

and procedures employed were suc that,it was possible toisolate five variables

as affecting the amount of bendi g of any particular rod: the type of,metel of'

1,
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which° Vie rod was made, the amount of weight supported, the length of rod, the
.

. .

rod's thickness, and its'cross7sectional form (round, square, or rectangular).

Most1adolescents succeeded in differentiating the five variables. Using their,

comhihatorial ability; they' systematically tested Most or all variable present,

variable-absefit combinations. For example, they might very thi,ckne*s, bolding

the other variables constant. -Younger subjects could discover some of the

variablesind they did make crude attemPteto test their ef5ect4, but they

were unableunible to employ thea/1-other r-things-being-equal". method to demonstrate
.%

the individual effect of'eaoh variable. The dispotition for systematic proof
.

seems io be the special doma'in ofthe formal-opteratisonal thought structure

(Inhelder and Piaget, 1958,_pp. 46-66; Flavell, 1963,
.

p. 348). '

The experiment involving colourless some combination of which

would produce a colour,'has a eady bee referred to on page 97. I11thi ex-

* periment, it was found that conc ie-op children did test "1 by n"

and "n by n" combinations.(logical ultiplication), but they did not db so
A:

systematically to find out ;Mich co nation(s) would produce th colour. They

°could not systematiOally eliminate va ables., ,In.contr4t ormal-operational

ial tests,to
'1

subjects generat&I systematic combiziat

tiOns that were-not adequate (Inheld

1959, pp 36.7,-;368)

' The eRVerimen4L just described

Thinking; served to demonstrate. th

lescent and pre-adglescent,thrnking

rather thaniconcretely. The adolescent' formal thinking structures enable

him to get past theserrors, inherent in d concrete tests by employing the

affirmation, negation, conjunction,

inate those coffibina-

et, 106, pp. 107-124 Bruner,

and the others in The Growth of Logical

e.sig..4sa'pt difference between ado-

the ability to operate propositiona14,...

sfAteen binary operations of formal logic
i

dis3unv5g.on, implication, etc.) to generate
k.

systematic tests by which. relevant

variables Can %he isolated (BrUner,'I959735 0:7
,

4.
;

c

K. Lovell (3961; pp. 143-153)-haa repeated ten of the sixteen experiMents

described in The Growth of logical Thinkini. Each of two hundred subjects,

who were mostly between the ages of eight and eighteen, was examined individu-
f

ally on some selectionof four of the ten experiments, with everyone doing the

combinations of colourless liquids experiment described previously. Piaget's

clinical approach was usedand, on the basis of the protbcols so E011ected,

the performance of each student was ranked according to nine stages: one stage is,

of pre-aperational'thinking, four stages Of concrete thinking, and four stages.
, .

of formal thinking. The results confirmed the existence of the three main

stages in the growth of logical thihking as protiosed,by Inhelder and Piaget.

1
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1 '.
tSkpport was found fOr the contention that only rarely do pie- adolescents reach.i%.:'

-the stale of formalAthinking and that ,the ablest adolescents, though not all-

adolescents, do exhibit forpialthinking pro'c'esses.- Some of the evidence sug-
,

gested that the'least able adolescents do not pass beyond the concrete lera-

tions stage (Lovell, 1961, pp. 143.%-149).

Analysis ,f the rankings for each student from the four .experimentsparti-
, /'"

cipated'in showed considerable among.thb levels of thinking displayed

in each of. the experiments. Aere the kinds of ideas encpuntered in some of

the experimentsoverlappOd *sohool experiences, only a minimal effect on the

rankings was observed,' Examination of theprqocols led the investigator

(Lovell, 1961)
i

to conclude that instruction seemed to have been of greatest

value when 'the required thinking skills were almost, er actually, available td

the subject:
.. r, .

.e.
If the poWer to think, at the requisite level is not present, knowl-

.- edge, gained by instruction is-e_l_ther forgotten, or it may remain
rote' knowledge and be regurgitateT when required (IS,. 51).'

Theexperimeneiwere found effectivelyst6 separate.stu4ents,olassified as fast

or slo.w learners in a...wide variety Of school subject's, leading the experiMen-
,

ters to conclude that the types of thinking processes invoiNed in the Piagetian

experiments are broadly applicable rather than- only being relevant- to sroien:

probleffis ,(Lovell, pp 149-153). '

.0
Toset the stage for'another,Plage ianieplication study, consider that

Piaget 'has found that seventy -five percent of the subjects he has testdd have

evidenced Conskvation of substance by age seven'to eight,dconservation of

weight 'y age nine to ten, and conservation of volume by age eleven to twelve.
A

a
However,- David tlkind's 1961, p, 551) first replidation of the relevant

Piagetian experiments shore d that only twenty-seven percent of a grpup off_

eleven- to twelve-year-old American children had attained Conservation of

volume, A brief account of another of Elkind's replication studies, this time .

'with'a-group of twelve- toeighteen-year-olds, is. reported in succeeding para-
. ,

":graphs. s_
1

Elkind's second replication study was designed to determine the influences4 u
of age, sex,,and IQ op-the attainment of abstract conceptions of, quantity (i.e.,

* . /
conservatio9 of quantity or judgment of sameness despite perceptual change) in

..

,
edol-ds s in addition to extending the replication of Piaget's experiment to

the twelve- to irOup. tour, hundred sixty7nne Massachu-
.

setts-junior and senior high schpor students with a mean IQ of 100.4 were

given grOupIlsts<541).(paget:s4experiment end Elkind's first
- _

_

,

s-

t
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replication had used indivtual tests.) The materialsopd were two ideil

one and one-half inch clay balls and a small balance scale. Tests for cons r--

vation of mass, weight, and volume were given in that order. In the test for'
. ,

donseraIG:-.8171.1WeXplaineetht the two balls were identical in-4..!%.
,

every Way and that there were no,tricks in the experimentt Several students
, .

wereasked to verify the; the tyro balls,weighed the tame by )sing the scale.

is

Any students with doubts were asked to voice them, and the use of "same ,amount"

was clarified so that all,students agreed that the bal.s were tteisame. The
..f

students were then asked '(Elki:nd; 1961):

(a) "Do ,the balls both,contain the same amount of clay ?" (identity
question); (b) ,"SUppose I make one of the balls into a.sausage,
would the two pieces of clay still contain the, same amount of clay?"
(prediction question);,..~; (after one of the balls had actually been,
rolled into d.sausage) (c) "Do they both contain the same amount of -
clay)now?" (judgment question); (d),"Explain your answers."
(explanation-question)--(v.-552). .

)

The test for conservation.of weight repeated the above prpcedure with "weight"

substitured for "amount" (after the experimenter had rolled 'the..sausage back

into a'ball shape). The test for conservation of volume followed the same

procedure except that "volume" and "same_room or space" sere used instead of

"amount." A test was considered Pdssed only the subject answered all four

questionS(ideritityrpredi-ction-F-judgment, and explanation).so_that conserve-
.

tion was clearly evident. As a special check on the conservation of volume

test, students were asked what would occur if the ball and sausage yeeplaced

in identical glasses filled equally high with Water (Elkind, 1961,4p. 550-553).

As verbal misunderstlandings were ,carefully'avoided by using. the experiL

'mental techniques described,.itlbas asserted th!at students who failed any of%

-the conservation tests did so solely because of inadequate c ms. Those.
who failed the volume test had agreed that the balls were in same,

I

'r.,

but they predidted, judged, and explained that changes in shape produce changes,
...

in volume. (One cannot help wonderineif this might not result froM.the common
t

,Operience of squashing s container only,to find that it no longer holds as --;.,
. ., '.

....much ass it formerly did. Could there be confusion betweencthe internal capacity..

of a container and the volume of substance in a solid?) Most,of these same

students had previously asserted that mass and weight were conseriied becaiuse

nothing was added or taken away because changing the shape, did not cl4hge the

it'gained in length. They
.

and weight td the situation-.--,

ly different problem. They

I

amount, or because what. the sausage lo!st in Width
..1

.
,

failed to generalize. their notions regarding mass
l l '

-7 ,
' involving volumeo which hey treated as an entire

.4

.

t
L

1
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failed to dissociate their subjective, senSori-motor-cdncepyions from their

objective, logico-mathematical conceptions (Elkind, 1961,,pp. 553-554).

Of the students tested, eighty-seven percent demonstrated,tonseryation

amass and weight, but only forty -seven petcent hadebstract conceptions of.

ume.vol 'In fact, only in the oldest age group (mean age: 17.7 years) did more

than seventy-fiVe percent exhibit conservation of volume. Piaget's finding

that eleven to twelve-year-olds had attained conservation of volume was a'gain'

not confirmed. Howevdr,,a steady increase with age in'the percentage of stu1

dents exhibiting 'conservation of vOlui;le was observed (thirty-eight to severity-
,

nineiigrcent for boYs'in groups mi., mean ages of. 12.6 to 17.7; twenty-six

to sixty-eight'percent for girls in groups it an ages of 12.6 to 17,7)..

At each age-level a'significantly higher peicent ge o£ boys than that of girls

exhibited conservation of volume. (The observed chi-square was greater than
1

tht required for significance at the 0.01 level.) A low, but 'positive,

point biserial correlation (0.31) between IQ and,success in the volume test

'_was calculated (Elkind, 1961, pp. 554-2555). ?-

. According to Piaget's theory, the majority.of children gf eyven or

twelve should be ready to attain conservation of volume because this conceptuali-

zation requires only concrete' operations, which are present' in most children by

_..ageseven -,--anduse they have-had sufficient concrete exferience to.form

abstract conceptions of mass and weight, the structural prerequisites-for con -

servati of voille. Howev4, the age at which the adolescent is retack-te
grasp conservation of volume is also the age at which formal operations are

devel6ping. Whereas concrete operations are concerned with immediate reality,
r

e .

formal operat4s are concerned with construction of systems and theories

designed to investigate,possibility. According to Elkind, the appearance of

formal OperatiOns°thus,pr es new interests which tend to reduce, one's con-
.

. .

cern with inductive conceptut izatift from the_physical_ertvirorantnt _i_n_faJior4f _

ore theoretical interests. The possibility of spontaneous discovery of the

conservation of volume is thus reduced. The adoption of adult roles, beginning

abo0 age eleven or twelve, also leads the adolescent to be more selective in

his choice of experiences. For example, the prospective scien)st, would likely

choose different experiences from those chosen by the aspiring.mechanic. It
,

would seem reason e to conjecture that those-adolescents who attain tOnser-'

vation of volum de/ spite deCreased motivation haye simply adopted roles con-

ducive-to the f ation of such conceptions, On the other hand, though ready,

many would not attain conservation of volume because their roles do not provide

the necessary experience (EXkind, i9 y., pp. 556-557).

lk
1 1 9
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The greater percenta ge of boys attaining conservation of volume is con-
.

sistent with the. hypothesis about the effects of various roles. Considering
that the mean IQ of the'girls in the experiment was somewhat higher than_ that

of the boys and that there was no significant difference between the sex groups
with respect to attainment of mass and weight conservation, the difference with,; ,,
respect attainmelkof voftme c6nservation cannot be attributed to innate

differences in conceptual ability between the sexes. It seems reasonable to -

conjecture that the boy's traditional role of social ineptness but scientific

expertise as coi3strasted with the gir's role of social skill and Scientific

aversion'would give more boys and girls the opportunity to gain'an abstract

conception of volume (Elkind, 1961, p. 558).
.

Richard Skemp; a psychologist at the University of Manchester, has

developed's theory of mathematics learning that is derived from a Piagetian

,point of view. In the course of testing his theory, which is particularly

relevant'to mathematics learning'in,the secondary school, he designed an

experiment to measure student ability to form and to manipulate concepts and

operations. He emphasized manipulation in the design of the study beclauSe

conscious manipulation of concepts and operations requires that these be for-

mulated, a reflective process,.whereas..the formation of concepts and operations

major may'not require reflective activity: Furthermore, he considered that

the chief ability required in mathematics at the secondary school level is, the

skillful combinatiori'and use of known,concepts and operations. Accordingly,.

skT (1958, pp. 1562157) developed two two-part tests to measure student abili-
ty to form and reflectively manipulate concepts and operations.

arvor the first test involving, concepts, fifteen properties wereichosen that

could be possessed or-hht by simple line drawings (e.g., being curved, continu-.

closed, dotted, or self-crossing). For Partdof this test, Skeffip drew

three exemplars labelled "Examples," three'noh-exemplars labelled "Not

Exampleso" and three "Test Figures" for each of the fifteen properties. Ihe

subjects were asked to try 4 to discover the property held in common-by the

"Examples" and to indicate which ofthe "Test Figures", possesged-th1s poperty.

The'criterion'was the ability of the subjd** to use the concept, thus indicating

he had formed the particular classrconeet, rather than his ability to verba-

lize or formulate it. Since Part II' of the first test was toe a measure of

the student's ability to manipulate the concepts of the first part,,,aI rprelimi-
.

nary trial,,with twelve-year-olds was carried out, and only those concepts which
.1-

most children were able to grasp were retaiNd (6kemp, 1958, p. 157):

113
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Part II of the concepts test was designed to measure the student's

abilityto.manipulate concepts. For this part,`thirtx-five pairs of the
. .

properties used in Part I were chosen, and three exemplars of each double

property were drawn. The three non-exemplars drawn for each double property

had, respec4vely,.only one ofI'the properties, the'other property, and neither,

sked to decide whether or not each of three

Of6perties. So grasp and demonstrate each

id have to think reflectively; not only.being

epts but deliberately con ining and separating

propqty. The subjects` were,

"Test Fures" possessed both

double cOlicept the subject wo

aware'of the single class-con

theM (Skemp 1958, p. 158).

The operatibns formatio perti.e. Part I, of the second test consisted

of an answer sheet and a dem nstration sheet giving thr0 ee simple abstract-line

figure examples of each of fifteen operations such as clockwise rotation

through a right angle, reflection in a Horizontal line, and interchanging tile

to disqover what
';;.- '

similar operations

Operation on three
,

specified figures on tie answer sheet, drawing theresultslin provided blank

numbers of figures. in two groups. The subjects were asked

each operation Was from the demonstration sheet after some

had been explained. They were then asked o,carry out the

spaces (Skemp 1958, 15. 158)\

V"
,Part II-of the operations test, 1146ipulation of ,operations, involved com-

bining and reversing the operations-fromEpt I`ti Both of these processes in-
-

wolve reflective activity and ailirele,ilantlgo,t4boafics, in which practically

every operation hag itsk'everseSor inverse4and successful problem

solving depends on suitable choices from amalgthe olOMbinations of one's avail-

able operations. Of the fifteen,problemS giy:nV7thefit five involved-carry'-'

ing But two operations "n coMbination, one after the.other, on three figures

and showing the retalt . The second group of five problems.invoiVed carrying

4

I

out the re'erse of a single operation on three figures, and the third group of

five involved conceiving of the reverses of two operations and then carrying

tie re ses out in coMPination one after the other. Before beginning Part II,

the su jects were given the answers to Part,/, after their on answers had been

collected, and these were explained to ensure that the-basic operations were

understood. Demonstration sheets were used by the students in Part II, as

in Part I, so that.no memorizing was.required (SVemp, 1958, p.1 159). .

Fifty-fifth form (twelve- to sixteen-year-old) students 'Wrote both parts

of the twe tests and they all wrote the same general certificate of education

(G-C.5.) mathematics exams. The correlations between the students' G.C.E.
1 I

mathematics scones and their scores on Part II of the first test and Parts I

J

14 1
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and II of the second test were 0.58, 0.42, .and 0:72, respectively. The

multiple. correlation between the G.G.E. mathematics.criterion and an optimum

weighting of scores from Part II of.both tests was 0.77 (Skemp1958, pp.
`'" 162, 223): Especially considering the nature ofAkemp's tests, the observed

correlations with the mathematics achievement test are quite remarkable and

support the notion th'at the exercise of reflective intelligence is important
in 'mathematics.

-

,Educational Implications

A number of interesting implications from Piaget's cognitive theory of

intellectual development can be found-in an/hrticle b Trying Adler (1966,
pp. 581-584): The present paragraph summarizes som of tho'Se implications.

The mathematical experienbes a child is giV'en at'a age should be experiences v
,A6 he is ready for in terms of the stage of mental gro th he has reached, arid. :

they shOUld help prepare him to advance to the next siege. Before intrrducing

a child 'to a new concept, one should test. him to see if he ha's thp..prerequisitee

for fOrming theconcept, and, if he does not, he should be provide& with appro-
.,

priate developmental exReiences.* Especially in the lower grades, concepts

should be built from appropriate concrete experiences, rather than bN. using

the easier, but less effective device"of "telling." To helpa child overcome.

his errors in thinking; pr6vide hia4.4ith experiences thai will expose the

errors, thus assisting the process of accommodation that will eventually -lead

him to cope adequately with the situatton at hand. Flexible.thinking is based
. on reversible operations. By anelogy; it would seem beneficial to teach opera-

,-

tions in inverse pairs and, to stress their relationship (e.g;, the relationship

between addition and subtraction). Children in the stage of concrete opera-
tions can be 4115ed togain a better grasp of relations among subsets of a set

,

if they are given experiences in manipulating gets of,pbjects '..to explore rele-
e

tionships among sets, suEeets,.intersection, union, and hier'archical inclusion.

Combinatorial analysis is based on the formation of Cartesian products of sets.
Children can be readily taught systematic wayssof forming these products by

using tree diagrams and rectangular arrays. Sihce mental irowthftis encouraged
if one given opportunities to see things from many .points of yiew,,teaching'

should give children the opportunity to use a wide variety of approaches in
.

tackling prollAems. For example, in teaching geometry, not only the traditional

.

The Educational TeSting Service is carrying out a very interesting project
in New York City ,in which ingeniously devised tests and developmental experi=
ences with a Piagetian flavour are being used with fist gr.eders in place of
the. usual,I.Q. and."rjeadiness" tests.
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synthetic approach should be used, but approiaches using analytic techniques,

vectors, and isometries of the plane could also be-incleded: As mental growth
. 0

is associated with discovery of invariants, a systematic search for thd fee-

turea of a situation that remain unchanged under a group, of transformations

should aid in developing awareness of apd understanding of the'relationships

involved in the situation. Since the onset of forRial thinking bccurs at about

age eleven,or twelve, it would appear psychologically sound to introduce short

units of deductivereasoning from hypotheses as early as thW sixth grasle,..

An interesting and insightful furtherobservation.made by:Adler is that

, the concrete operations used by an individual are "Concrete" in the sense that

they are mental operations involving some system of objects and relations that

is perceived as real by the person. What is "concrete" is relative to the

person's past experience and mental'maturity. While the kindergarten

considers the union of two beads with three beads as a concrete operationbut

the addition of 2 and 3 as not, the introductory algebra,stydent considers

2 + 3 as concrete burr not x + y. The student of introductory abstract alge-

bra considers thePadditive group of integers as concrete but dogs not consIber

the concept of an abstract group to be concrete. So the progression goes, and

it is evident that "concrete" operation are used -notcpriy-inthe conerete------
operations stage, in which. they are,the most advanced operations of which the

C.a .
child is capable, but also at all succeeding levels of learning. In the

development of new concepts at any level it is necessary, to proceed from what .

the learner perceives as concrete to what to him is abstract (Adler, 1966,

p. 584).

Piaget has.stated that an individual's apparent failure to gasp the most

basic concepts of elementary mathematics stems not from a lack of any .special

attitude but rather from affective, emotional blocking or inadequate'prepara--

tion. Furthermore, the frequent failure of formal education cab be traced Us'

the, fact that it begins with language, illustrations, and narrated action

rather than real, practical action. Preparation for mathematics education

should begin in the home with the encouragement of concrete manipulations that
4

foster awareness of basic logical, numerical, and mensurational reptionships.

This practical activity should be systematically developed and amplified

throughout the primary grades until it takes the forM of elementary physical
-

and mechanical experiments by the time secondary education begins (riaget, 1951,

pp. 95 -98). In a similar vein, Eleanor DuckWorth (1964) hs-said4,

1,

0

O

You cannot further understanding in a child simply by ta3'king4to

him. Good pedogogy must involve presenting the child with situa-
tions in which he himself experiments, in ette broadest sense of

116

1 2 3



4 t

16

PIAGETIAN STUDIES

that term -- trying things out to see what happens, manipulating ,

,things, manipulating symbols, posing questions, and seeking his
:own answers, reconciling what he finds at one time with what he

- "findsI ate another, comparing his findings with th6Se of 'other .

children (p. 497).

. , .4.$:., .. ..,...

In much the same line'of thought, Piaget'has been cited as having taken issue

with those who recommend that children.be,tnght the "structure" of a subject

,,area so that they will be able t6 relate individual'aspects.to the general
,0,

."1'strucliare. During a"discussion period at a 61-1ference, he said (see DuckwaIlth, 1

'1964):
,

The question comes up whether to teach the structure or to present
the child.irith.situations where he is;active and creates the struc-
tures himself ... The vial in education'is not to increase the
itmount of knowledge, but to c'eate the possibilities for a child

2 to invent and discover himself ... Teaching means creating situa-
tions where structures can be discovered; it does not mean trans-
mitting structures which may be assimilated at nothing other than
eNverbal level (p. 498k.

In another context, Piaget has warned against the danger often inherent in

schoollearningof leading the child to false accommodation.to words or to

authority rather than to reality as ipresents itself. ' It is preferable for

a teacher not to 'correct a child's schemata, but to provide situations that

will. lead the child to correct them himself (Duckworth, 1964, p. 498).

In discussing teacher.eduoatib, Piaget has been reported as saying that

even adults'can learn better by doin than by being told about such things as

how tO teach effectively. -,Furthermore, he is of the opinion that prospective ,

teachers should havethe Opportunity_to question children(in a one-to-one

situation so that _hey will rea],ize how difficult it is to make oneself under-

stood. They shduld also have occasion to pursue an original investigation to

determine what children actually think about some.problem. In endeavouring to'

communicate individually with a number of children in this way, the proSPective
,

* _teacher may be able to overcome the illusion that he can talk successfully to`

a whole_class of children at once (Duckworth, 1964, p, 498).

In line with the view...that intellectual .development brings,a gradual,trans-

formati,on of overt-actions into mental operatiOns, a'key concept in Piaget's

-theory, a teacher'would do well to assist the internalization and schematiza7

tion ProCess byhavinieStudents perform actions with less and less direct
. ,

support from external. entities. For example, the child-might be led to opvate
directly on physical objects, then on pictorial representationsethen.ori cogni-

tive anticipations of operations not actually being performed, and so on,. until

the original external operations take place internally and independently
0
of the

f # I
1. ,".AA
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environment. Furthermore, since social interaction is essential in developing

the multiperspective view essential for rationality and objectivity, group

activities in the form of projects and discussions should be encouraged.

(Flavell, 1963, pp. 368-3e9). Mben Plaget says that the'child should be

actively engaged in the learning process he means not only should the child .

actively manipulate ana experiment with materials but he should also activelr,;

compare his findings with those of other children: Arguing' with his peers

forces the child'to\yedson with himself (Sigel and Hooper", 1968,:p. 431).

As Millie Almy (1966) has observed, Fidget's theory makes a strong case

against allowing a child to learn a Procedure for getting an answer without

being able to retrace his steps or without being able tothink of alternative

approachbs to arrive at the same result. To do so "... is to encourage the

erection of a verbal. superstructure that. may crumble under even minimal cog-

nitive stress" (p% 132). Almy (1966) also provided an interesting example

frbm a firstrgrade teacher whose students

...-have been successfully completing exercises that required them
to supply the sums for rows and columns in a series of diagrami".
Then comes a set of exercises in which the sums are presented and
.they must write in the appropriate figures for the rows and columns. -

The numbera.involved.are small and the context provided by the dia-
grams has not changed. Nevertheless, the children w4o presumably
have been relying largely are.,on memory in the previous problems ar
thoroughly confused., The/teacher commented that these children
are not really "operationalfl'in their thinking. Piaget's analysis
he/ped'her to understand the problem as it was viewed by the

children. Italso led her to question whether tkpee children flad
had sufficient concrete expterience to build d stable concept of
number, or whether the earlier exercises had been insufficiently
varied (pw 132). .

O

Piaget's method of interrogation, in which a suspect answer from *child

is carefully probed by the use of other questions and the original question is

repeated, rephrased, or related fó manipulation of relevant materials, can be

uted_by teachers to help a_ child_to reveal his own-thoughts raberthan parrot

a response that is thought to be the one the_teactier wants (Almy, 1966, p. 133).

It-isA;mportant to beeware that a child is ofteninfluenced more by his

own way of looking. at, materials and objects under consideration than he is by

the questions askOd of him about the objects. An example related by Almy (1966)

of a child turning an adult's question into his own way of thinking had to do n.

With a group of metal blue cars an4 red cars: When the child was asked if

there were more metal cars or mfr.'s blue cars, he rep4ied that,there were more
.

blue. When he was asked to T sepeat the question asked he aid: "Are there more

blue cars or more red cars?" (pp. 183-134).
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Millie Almy (1966, p. 134) has fOund that even though teachers of young
-.-

children often find Piaget'S ideas difficu t at first, they invariably sense
the relevance of such ideas to their teach ng and, if they work through one
experiment with one child,'they are not in lined to stop'there, -Their extended

experimentation leads-to better understndi g of Piagetian iddas and, more :

importantly, to.greater insight into the na e of children's learning tasks

Sample Mathematics Teachin Approaches
.. \

An- .approach to the-teach lng of mathematics that ties in very well with.
Piagetian ideas is that developed by Robert Davis (1965). of the Madison Project.
The Madison Project maferials stress: learning cf really fundamental mathe-

as variable,,functioa, graph, matrix, isomorphism, and so on;

the student; learning of concerts and terms in context kber,
ginning with rather than definitions); enabling students to search;for*

-Mathemati9a1 patterns and "'discover" them for themselves; a nonauthoritariki;

teacher role; intrinsic motivation;.leading students to want to go beyond what

happens in class-and to feel that mathematics is "fun!), and ".exciting" (Davis-,
1967, pp. 3-4). Davis feels very strongly that children must develop their own
mathematical systems:

matical ideas such

an active,role for

tasks

If a child has discovered contept-s-hibself, has devised technj.ques
.himself, and has elaborated a mathematical system himself, he
really knows "how" and "why" it works in a profound way that is not
possible when the estem is handed,to him or told to him...
Children really learn only by some kind of active participation.
The best math students have always actively developed-mathematical
ideas in their own heads -- as.David'PAge says, one of the objectives'
of the "new math" programs 4s to get every chi d to think about
mathematics the way the best students always ha 'e (p. 1).

At the risk pf oversimplifying the.approaCh, in wha =lzows an attempt,:is
made

4
to briefly illustrate how Davis leads students to generate "The Axioms of

Arithmetic 91 Algebra." He has successfully used the approach with ninth . .

\ grade-students as wall- -a-fauFth-ind fifth graders and at various grade levels
in between. lOne of the key ideas (Davis, 1964) in the approach is "... active,

creative, original student participation... The students choose sets of axioms,

and they teacher argues with them about limitations

teacher accepts "wrong",., answers and waits for some

having experienced "informal exploratory

9):

After

of their chosen set. The

students to challenge them."
= 2

111,

experiences" and game situ-

ations.in which.are developed concepts of "open sentence,," "the meaning of

'equal'," "truth sets," "use of variables," and "principle of names" (any true

co.
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'statement remains true if any name in the statement is replaced by another

name for the same thing), the students are led into generating an extremely

loAgflIst'of identities of their on invention.

Typically, to'begin with, the students are asked (Davis, l967):, "Can y&L...

make_; up an oppn sentence that will become true for every legal substitution?"

Ir.. 171). Students often.initially.make -up open sentences like:

xx0= 0
xXl= x
x + x ='x,+ x

x+x=xX2

After a number of such open sentences have been contributed by the students and

discussed, the term identity is introduced to refer to this special kind of

open sentehce and the students are encouraged to make up and record long lists,

of i!dentitips,. They find out_how to generate more complex looking identities

from simple ones and the class is divided into two teams which take turns com-

peting for points by making up identities and having the other team try' to

decide whether the open sentences are or are not -identities. A cumulative list

of all the identities that come up is kept.

Listsgtf identities that are all or nearly-all specific instances of mord

general identities are presented (as the work of students) ancreventully some°

student sees the general pattern and sUggest a "super-identity" th't handles ,

all the parilcUlar cases. FOr example, the identities

3 X'x =x X3

X x = x X Lt'

5 X x'= x X 5

are generalized to

yxx=xxy.
Notions of implicatir are;ntrodudid in tkle context of r -'' ing a n, -

of given statements without losing any information. For example,-asked t8 shor-

16,

ten this list (Davis, 1061+):

. (a) My cousin plays in the Little League.
. ', (h) Only boys p/ay In the Little League:, ,,

(c) My cousin is a boy (p. 166). -11

t .

some students will point out that if you say the first tvierstafements, yotOon't

need the tgird,i.e. no information is lost. 1

G'A 4 , ,° 0

2r.
. . ,

Eventually, the students afe confronted with the following problem (Davis,
. -.

' 190-7:, .
.

I
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Take your list of identities and shorten it as much as possible,
without really losing anything. What does your final list look
like (p. 180)? ,

They use generalization and implication in the process of.shortening their list
4 and eventually,, after much discussion, arrive at a list of "axioms," which come

'Vel/ close to being the set of field axioms, from which the students feel they

- can.detive all possibl identities. Here is a sample Nrivation (Davis, 1964):

The rem: A + (B X C) = (C X B) + A

Proof: A + (B X C) =, A + (B XtC)

A + (B X C) = (Bx + A

vA + (B ='(C x B) +"A

Q.E.D. (p. 167).

What-i-S Truly 'emarkable about the process is that the students develop their

own mathematic 1 system and that they do so with great enthusiasm. An inter-

esting problem to them is whether or'nvthey can,write a derivation Irom their
.basic axioms lo sa statement like (x + 31(x + y) = x

2'
+ 2xy+ y2.

Another exa ple of a teaching approach that fits irP very well wi h Piage-

tian ideas can be found in a recent article by Sigurdson and Johnso 1968), .
\

.

"A Discovery Union Quadratics.': The article should be Of particular interest
1 '

to classrooM teachers of mathematics because it details eleven activities which
\

. _
have been u,ed sucdssfultrin leading several groups of Alberta grade eleven:., ,

\

students to discover all' df the important properties of quadratics virtually

on Aeir'own. Each activity began with a broad question which the students

4swere
asked to eek answers for; Given a chance to explore the problem individu-

ally for a while, the students'were asked to hypothesize solutions and evaluate'

each other's hypotheses. The;teacher accepted each hypothesis without evalu-
4ative comment and acted merely as a discussion leader. Once the students had

focussed on the valid by eses from among all those considered, they were led

to_partioipate in:"summ up" and "practice" sessions.. og.

\
The first activi

'

consisted of using an overhead projector to display a

coordinate grid and gr 11 of the parabola generated by y = x
2

. The students

were asked to come up w h a rule relating the coordinates of each of the points

in the parabola. Among he hypotheses offered were: a verbal description of

the symmetry of the
4.

curve x
2

- y- =
64
0; y = x

2
; and a verbal description of the

"over by one's and up\by 1, 3, 5, 7, ..." -feature.

The second activity c ntered on investigating the effects On the rule of

moving the parabola horizoh ally or vertically. The students were given

121
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y = x
2

parabolas plotted on onionskin paper along with background grids so
o -

that they could move the parabola around to suggest hypotheses. Moving the

parabola "n" units up the vertical axis Was seen td change the rule to

y = x
2
+ n (generated from hypotheses about motion of 1, 2, 3, ... units).

'Attempts to describe the effects of h4Eizontal motions eventually led to a
, 2 °

y,= (x - n) hypothesis, but not-untii several incorrect hypotheses were
/-

ggled with and tested.

Next, the student-initiated picb-lemi "How do you make a graph wider or

't;i1g iiarrower?" was investigate , using graphs of y = 2, y= x
2

, and y=.'2x2
1 ,

3
to generate ideas. Moving ese parabolas both vertically and horizontally at

Ile same time led very naturally to expressing the rules relating the coordi-
i

nates in '!vertex form" (i.e., y = (i +-Ay).

. -
.

A fourth activity invol ing the graphing of quadratic 'functions expressed

in "standard form" (y = ax2I + Sx + c) led to student desire to 'complete the

square" to get the rule in the vertex form which they preferred:

g.
Seven other activities described in-the article focussed on "axis of

symmetry,'! "range,"'"x and y intercepts," "roots of quadratic equations,"

"quadratic formula for roots," and "'maxima and minima prOblems."

Yet another approach to thathematics"teaching andlearning that is conso-

nant with a Piagetiat point of view and that is presently generating consider

able interest is that used in "mathematics labs." Kieren aria Vance (1968) have.

written of their experiences in using a mathematics lab approach with students

in grades seven and eight. Their article contains suggestions foi,,suitable

kinds of activities and lab organization.

An excellent source of ideas for Piaget-based activity oriented teaching

approaches is the set of "Nuffield Mathematics Teaching Project" Teacher's

Guides (see Nuffield Mathematics Teaching Proje,pt).

Perhaps the-common fedture found_in each_of the examples of mathematics

teaching approaches cited is that each in some way manages to make classroom

learningi real life lean it and", hence, more effective, more lasting;

more useful, and more enjo' able.

c
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COMPUTERS IN MATHEMATiC.i'INORUCTION1,r

Larry L.'Hatfield I

University of 9eo'gia

k
The use of computer technology within instructional, systems is relatively

1new. A decade ago almost.no,one was seriously engaged in the,type of journal

writing which today is commanding serious attention. Nond.of the more than

60 funded projects of today were in .existence andmost viere probably not even

in the early planning stages ten years ago. In fact, even-a modest survey'of

the literature reveals that almost all of today's activity has a history

dating post-1964, With such a narrow temporal base you might be' inclib at
e

this point to assume.a very skeptical posture. To be sure, ourexperiences

have been thdt redi educational change has an entropy -like charaCter (a sort

of "lag of the seasons" not unlike Minnesopta in April--a full month after the.

official start of sPring!). You may be counting on this inertia to proteqt

you from change for .awhile. Or we in mathemktics.education may feel that ;we

.1),avgAgena. part of a "revolution" already and now is not the right time for

another...a 4ort of "let us catch-'our breath for awhile" attitude. _Om you
may see the onset of computers into the classroom as another'ivory -tower fad'

which its-advocates herald 8.5, the "messiah of education" but which you feel

will eventu4ly enjoy the same mediocre impact of so many- previous innovations.

In my opinion, there can be little doubtthat computer involvement in

instruction, in' one form or another, will make a,substantial.impac to educe-.

tion during_the next decade. Further, computers'Can, if used 'correctly, bring .°
about profound and far-reaching.tmprovements within education-- -and even with

. . 0
;learning itself._ These are strong statements which" most 'assuredly, rtaquire

soM:further clarification. I wi.ilteMiat to provide some information in
support thpse claim's by cOnsidering_ three' specific areas. First, how can

N*ia,.,

il
computers assist with instruction and why is there 8.papidly growing interest
'in it today? Second, what is tUe current state-of the at in terms of the,,,

.

research and development activity, particularly in mathematics education?.
,-

, Andrthiird, what'are some Of the trends and future prospects for using com:

puTers in mathematics instruction?

hi

1,

o

1
A paper pre.sented.ta, the National' Council of Teachers of lathematiCs

Annual Meeting, April,, 1969, Minneapolis, 'Minnesota.
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Use of Computers to`Assist in Instruction
6

Wh'at is computer-assisted instruction? Some confusion and disagreement

with this label has already occurred. In most circles "CAI" is the acronym
.

used to describe the learning situation where a student sits at a terminal

connected electronically to a computer,. Stbi<d in the computer is the learn- .

,ing program which'is the completeaiackage of, information, instructions, and

logic with the student will interact during his learnrng'session. The
.;

terminal which serves as the interface between the computer and the student -

is typically a typewriter keyboard and eithera paper,roll or a TV-like screen

upon .which the communications to and from the computer are rcorded. Some
1

terminals also involve .various audio and/or video projectors, such as video

'or tape recorders, and slide, or movie projectors:" terminals with TV

.
screens, often called CRT's for "cathode-ray tube, may also accept input

from'an electronic light pen which the student may useto point to his re-
..

sponse,

% Partially because a great deal of the current activity is focusing on

the pedagogical approach advocated by Skinner, Crowder, and other programmed

learning enrthusiasf, the term "CAI" is often used to connote only using the

cbmpurer to administer thez,kind of frames found in a good programmed learn-

ing text. It is true that a great deal of the work with computers has been

A.nitiated by people well versed in programmed learning_ methodology. As'a re-

,

suit of their influence, there may be a temptation to say that CAI is merely

the next logical extension of programmed instruction and basicAly provides

just a new hardware capability. I believe that this would be an extremely

limited view to be taking at this time..

The literature describes the computer giving assistance in the i,dstruc-

tional process in a wide variety of ways. Suppes ha's identified three levels

of pedagogical involvement in the approdCh most often labeled CAI (Suppes,

1966; Suppe§, 1968b;'Suppes, Jerman, and Groen,"1966; Suppes, Jerman, and

Brian, 1968)., At the most.superficial_level of student-computer interaction
me)

are drill and practice systemt whiCh he describes as merely aupOlementkto a

regular curriculum taught by a teach'er. In the next level of interaction,

celled tutorial systems, the aim would be to significantly assume the respon-

sibility for, teaching. The third and deepest level of interaction 'seep by
or

Suppes would allow a genuine dialogue between 4udent and the learning prO-

gram. He notes that such-dialogue systems exist only as very elementary pro-

totypes. It is these three types of systems which have generally become

Rnown as CAI today. In each case, considerable programming by an author'or
.

,

.4
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teacher has been performed. Today, one can find only a few drill and prac-,

rilfe and tutorial systems which are being used to administer mathematics in-
.

struction. Some of these systems will;be reviewed in a later s'ction.

The most widespread approach to using the compute'', in mathematics in-

struction is often called computer-ass4ted probleni solving. This use has

been a natural outgrowth of the way the computer was first used by the sciet!r,,

tific community: that isr, too accept, process, aid print output to.a program
which makes use of the machine's

capability to store and access large data
bases, make quantitative decksion, and perform detalli4g3mputations, all' at

very great speeds. -Several mathematics
educators have'suggested that the

activity Of designing. computer algorithms Offers a pedagogical approach that
canimprove the learning of mathemat,ical concepts. Some of the speculation

and research dealing with computer-assisted problem solving
:

will be reviewed
in a later section also.

IL °

The two approacheS I have described thus7ar (CAI and problem solvinC)
picture the computer being accessed 'by the student. A different use views
the _computer as a tool in making

instructional.management decisions. This
could mean that students neveinteract with the lactual computer dufing in-N
struction.. Rather, the machine may be programmed to administer tests, record

student relS6ponses, and perform tire kinds of data-crunching necessary to pro-
vide the teacher with student diagnostic information to be used in evaluating

learning and prescribing further instruction. Of course, such instructional

management procOsses are typically an integral part of CAI systems which ad-
. minister stored instructional material.

° To be sure, these three categories described as CAI, problem solving,

and instructional management do not neatly exhaust the kinds of uses to which
computers are now being put. For example, a project.of.the Board of Coopera-

tive Educational Services of Erie County, Buffalo, New York, (Eisele and
. L .

HarriddK, 1967; Harnack, .1967) developed a number of oomputer bas ed resource

units designed to provide the teacher with assistance in offeringm6re in-

' dividualized instruction to his students. EaCh 'Tit is a computer pridout

of sugg6stionst6 the teacher Oared to (1) the specific Instructional objec-

tives chosen by the teacher'for the total class, Orthe specifi d-objectives

for each pupil, and (3) the individual characteristics of each pupil.. Once,
,6
.the computer is fed specific instructional objectives and the characteristics

of an individual pupil, the machine generates a resource,gUide printed as a

_content outline, suggestions of'large group activities, small group activities,

'instructional materials, and measui,ing'devices fOr each objective chosen for

A
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that pupil, and suggestions for individual instructional activities and ma-

terials: I suppose this use of computers as information storage and m-

e.°
trieval devices, contributing to instruc nt. decision making, might be

d'as part of the instructional ma agement approach.

In a conventional physics course at Florida. State Universe Y students
e . 1 s

.

1..rere invited to use a.special CAI review service which consisted mainly of

test items from previously used physics examinations. How does ope cate-

gorize such a use? And then there is'the appealing area of simulation and

gaming whit will surely continue to receive attention: ,Simulation is al-
.

ready used it ele aerospace industry, conventionalJaircraft pilot training,

driver training, electronic manikins for medical training, and in physics and.

chemistry laborktorie8. Computer-controlled games are usually simulations in-

. volving situations of competition or conflict. Among the pore interesting

are the economics games developed for elementary students in Westchester

County, New York, (Wing; 1964) and the Inter-Nation Simulation developed at

the PLATO project of the University'of'Illinois (see Hickey, 1968).
. ,

Cur rent Interest in Computers for Instruction

Why is 'there a reasonably widespread interest is using computers to

assistj,in the instructional process? Robert Bundy (1967) believes that CAI

is really the result of a number of converging technologies, including pro-
, .

grammed learning, audiovisual communicationsothe'data processing field, and

data cotmunications. Atkinson and Wilson (1968), from the Stanford CAI Center,

attribute the rapid rate ,pf growth of CAI to "the rich and intriguing poten-

tial of computer-assisted instruction for answering today's most pressing

need in education--the individualization of instruction" Cp. 73]. Other

factors cited by them are the development of programirigd instruction, the mush-

rooming of electronic data processing in general.but in particular the advent

of time- sharing systems, and tqr increasing aid to education by the federal

government. Sarnoff, president, of RCA, observes that tWk.technology revolu-

tion in education is being hastened by the staggering growth in the volume of

knowledge and the enormous increase in the number of students. He claims

thateby 1970 every third college graduate will have to bWome a teacher if the

praginipupificher ratio i-s-maintained

Stolurow (1962,1968), who has a long-history,of involvement with CAI, hav-

ing been in the pioneer center at the University of Illinois and currently
, -

director of the center at Harvard, sees in CAI three Rey capabilities: {1)

individualizing instruction, (2) doing research on teaching under controlled

7-'
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' conditions with the ability to collect detailed records of student performance,
-

and (3) developing ways of assisting authors in the development of instruc-

tional materials. Other applications seen by Stolurow, aside from instruction,

include the,development of teaching models, cur5.i.culum planning, man-machine

relations, and evaltiation of student performance.

Another recognized prophet is Gerard (196567), Dean of Graduate

Studies, University of California at Irvine. He lists these benefits CAI

will bring to the student: (1) better and faster learning since the student

can time his learning at his convenience, go at his own pace, and catch up

missed time; (2) better teaching at many levels andin many areas; (3) per-

sonalized tutoring; (4) automatic measurement of progress; (5) and the

opportunity to work with vastly richer materials and more sophisticated pro-

.blems. For the teacher, the system (1) takes, away a great deal of the-drudg-

ery'and repetition; (2) allow.kym to be updated effectively; (3) encourages

frequent changes in the actual material used; and (4) makes more time avail-

abbe for teacher5tnt cont

?

The computer's capability as a communications control device adds st

- Several meters recognize the usefulness of CAI as a research tool in

education. Bundy (1967) submits that,"the concept of a learning laboratory

is the single most important reason for the developing_interest in CAI" [p.

345). This emphasis probably stems from a recognition that mu#91117Fit

I
t can

now be said about CAI is couched in thefuture tense--what CAI might e en112-

ally be able to do as an instructional device--but the immediate job at hand
41

with CAI is to increase our understanding-and oontrol of the variables of

learning. The computer is particularly well suited tp this,task. Consider,

for example, the capability of the computer for storing and manipulating data.

As a student works through a CAT program, a complete trace of his learning

path is recorded. .*Is data tells the researtIler exactly 1,}hat the student

di in responding at every step and gives the researcher an exact measure of
1..

'ate response latend at each step. The data can be presented to the re-
.

searcher during the learning session, if desired, and thus can be used in a

formative evaluation to modify the presentation while it is in progress.

Further, the data can be quickly manipulated in many interesting ways to re-
,

,,,,

sveal various types Of statistical summaries and,comparis on for diagnosing

th arning variables under study, such as compdrisons_wiV przpr_perfor-:_ _____ _T
mance, efectivenesi of diagnostic questions in the learning sequence,and

correlations between step size and efficiency of learning.- /

I

another dimension to its usefulness. Many forms of educational media can b

-

a,14,
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e-.

employed in a single ;earning program, and their presentation, either seria-

rately or simultaneously, can be operated -under the complete contror of the

'computer. This can provide a richness and versatility in learning that its

difficult to achieve today, certainly in the conventional classroom. But

most important, it allows us to study the effects of a near endless vari4ty

of interactions of media presentation modes and subject matter, and consi-,,

Auently, to learn better how such modes should be differentially used.

The capability of the computer, coupled with data communications te0-

nology, immensely aids the editing and distribution problems Belated to

Yeloping and circulating educational programs. Many students in widely, '

scattered locations can use the same computer at the same time on a time

sharing basis. Much data:is thus simultaneously being acquired which

greatly facilitate the editing function, even while the progragi6 in ,ses-

sion)if desirable. Chenges that must be made are easily storecf0 the,cep-

tral computer, and thus the distribution problem is considerably sdmplitfied.

I

.,,

Stolurow(1964), succinctly summarizes many of these points as follows

'''

<...the automAtion of instruction by means,Apf a computer-based N
,.: system provides education with a genuine laboratory facility.

E&cation no longer needs to settle for makeshift laboratories :>7-
..-

as it has beeA forced to use-up to this time. This contribul?-,-.2_,..

tion of CAI @ a subst
-

antial one. Armed with-effective tools -,. ' -,

in the form of an educational laboratory, instructional ma-
\1 ,

terials and metho can be used repeatedly so that studies can

the replicated an variation smcified and introduced with con-

trol...Furthe ore, all which the student makes cati. 7;(\

be recorded, thatthe learning process etself comes under
controlled/experimentai observation and becomes,ayailable for

experimental and cdhceptual analysis. In addition, the re-

sponses /which the students make ark recorded in a form that 0

can belimmediately processed by the "same or a different compu
/

-..:

Consequently,,control, convenience, speed, and accuracy are. y

achieved at levels not heretofore pOsOple for instructional
/research. The advantage of the computer for research 13124n-

struction is clearly in the data Collection and data,re'duction

capabilities. Computer -based systems can add enor6ously both

to the rate at which .research on instruction can be'eccomplished
and to the accuracy, of.the .results produced (see lIrdy, 1967,

p. 346). -
.

,

What about the approach called computer-assisted probleth so1vt6g? Why

is there such a rapidly growing interest in this instructional approach? The

. National_Conncil of Teachers of Mathematics has maintained an_attentive ear._

to the possibilities of using computers in mathematics instruction for several
...

years. The text Computer-Oriented Mathematics, An Introduction ibl. Teachers

cj

t1,

,.,., ,. , . .,

(1963a) and the Report of ; Conference on Computer-Ori4ted Nathematici and

.k.. z,?. , ,
.,.,

. ..

1
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the Secondary School (1963b) are indicators of the Coun

cx)mmitio.

early concern.
The productive and active Computer - Oriented MathematicsCommittee developed

important guidelines published.in the article "Computersor School Mathema-
tics" (1965) and in'ihelpamphlet

Computer FacTlities'for Mathemats 'instruc-
tion (1967). The recent pamphlet An Introduction to an Algorithmlleivage
(BASIC) (1968) is an indipatdr of the emphasis on the use,-Of a simple pro-
gramding language and.on the designof several vels of algorithmic sophisiT,

iticaton. ch, 1969, Arithmetic') Teacher Jas devoted- to CAI and tie new4
department on " Computer- Oriented Math404Acs" began in the April, 1969, Mathe-
matics Teacher. In addition to this activity of NCTM, one can find analogous
activities being conducted bythe Committee on the Undergraduate Program in
MathematicdV the Mathematics Association of America (1964), by the Nationalt

Science Teaches Association (Darnowski: 1964), and by the School Mathematics
Study Group (196t) and thejMinnemast curriculuM projects (Rosenbloom, 1963).
he CRICISAM Project at'Florida State University is developing a computer

oriented calculus curriculum (Center for Researlch, 1968).

Several speculative statements of the effectS of using, this style of in-
struction,can be identified. For example, John Kemeny (1966,1967,1968) de-

.

velof.er of the language called BASIC and mathematician identified with the4

well-known Dartmouth time- sharing 'Computer center, submits that ztudents use
the,computer to more effectively learn thoSe procedures.taught theoretically
in class. In the publication Needed' Research in Mathematics Education, Kemeny

1 (1966) states
,

4
,, I feel, that the right atti-Vde is to teach them the 4orithms

in principle and then the right way to do the algorithm in .
practice is to programitlor a coM15uter. Thus the computer
is beillg used in such a way as to force the student to explain

. the given alk8rithm to a computer. If-a student succeeds in this,
he will have a depth of understanding of theproblem which will'
be much greater than anything he has previously experienced [p.10].
Bruce Meserve (1968) notes that the "availability of time-sharing proce-

duxes is making classroom use of.computational.facilities both educati,onally
. and financially'feasible" [p.113). Regarding the effect on learning, he con-

,/

jectures the following: "Students who acquire a working introduction to al-
gorithmic' languages while in high school gain an opportunity for greater in-
sight into both their high school and their college'mathematiCsMost

high -----
school studentsrstri've to learn patterns and general cases. In this Sense,
the use of the computer may be considered as a 'next phase',in the student's
mathematical development" [p.1133.
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Hoffman (1963), from Wayne State's computer center, commenting on the use

of mathematical settings to teach computer programming, recognizes the

possible rins in learning the mathematics involved:

In the gxperiences which I have had along this line, it has
been quite clear that students acquire astonishingly high insight
into the mathematical problems which h e programmed for solu-
tion on a digital computer. It is easy see y this should be
so, as a computer progrpm must take into account all posSible
cases of a general nature....To generalize this, by using the com-
puter the student is forced to acquire insight into the general
algorithm, the conditions under which it applies, and the general
class of problems to which a'given procedure can be applied as
well 3s' to those-ziletial cases to which the general solution is
not applicable. This is clearly what we have always' been trying
to teach mathematics students, and contact with the computer makes
it easier to accomplish the desired ends [p.20].

These viewpoints suggest the utility of a computer program as a dynamic

pro4lernso.13.ting tool_ 'Tile usP of a natural programming language and the or-
,

ganizational features of a program provide the students with a 'setting for im-

posing precision on themselves. Any computer program, good or bad, is an

active object. With it, the student can command the compLcer to do something

which he can observe, study, and modify. Thus, the activity of programrnittg

.should foster aniexperimental approach \toward solving mathematical problems.

Dorn (1967): from the University of Denver, advocates the use of computers

to providesuch a laboratory setting in mathematics. In a beautiful article

which focuses onLthe Fibonacci sequence an continued fractions, Dorn (1968)

notes that

the Computer can be introduced in a traditional classroom en-
vironment and does not-requite any major change in teaching prac-
tices....the mathematics computer laboratory can supplement the
Usual mathematics lecture and recitation much as a physics or
chemistry laboratory supplements lectures in those subjects...

It appears quite feasible then, for many schools to establish
a mathematics laboratory to Carry out experiments that motivate
the student to study certain mathematical topics nd to help him
develop his,mathematical intuition. It is important to keep, in
mind, however, that such a laboratory is best used to teach mathe-
matical codcepts and to extend therange of the mathematical

a topifs that can'be taught. _The laboratory is not intended dsto be
a device to teach progrpmming or computer science, although some
knowledge of those subjects 4.11 be a by- product of the laboratory's
use. ' To tote'from Computers in Higher ducation, a report of
the President's Science Advisory-CoFmittee:'...it is important
that computers be used to extend rather than Akplace the students
grasp of (Other subject matter." [p.79].

One additional point ofview seems particularly worth noting when specu-

la1 on the problem - solving usage of computers in school mathematics. It

136 4 2'
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seems'to me that pervading the use of computer algorithm design inthe teach-

ing of mathematics' is the recognition that formal knowledge is only art,of

what we
.
try to impart to our mathematics students. Heuristic knowledge, con-

cerned with the art of solving problems, is particularly emphasized when stu-

dents write programs to solve problems. The design of computer algorithms

seems ideal for experiencing such4heuristic precepts as "formulate a plan,"

"find a related problem," "observe special cases," or "simplify the condi-

tions." Thus, Writing computer programs seems a natural context to make_

more concrete the approach to-teaching usually attributed to. George Polya.

This approach to problem solving is. described by Feurzig and Pakert (1960) in

a paper devoted to the prospects of using programming languages as conceptual

frameworks for teaching mathematics. They state:

Solving a mathematical problem is a process of construction.
The activity,of programming a computer is uniquely well-suited to
transmitting this idea. The image we-would like to convey could,
roughly speaking, be described thus: A solution to a problem is
to be built according to a preconceived, but modifiable, Van, out
of parts which might also be used in building other solutions to
the same or other problems. A partial, or incorrect, solution is
a useful object; it- can be extended or fixed, andthen incorporated

'into a larger structure.. These.riemarks are, true of rathematical
thinking in' general.' But in must contexts they are to subtle
to be meaningfully taught. An important example of how programming
brings them down to earth is the use of the proCess of debugging
programs as a paradigm for the crucialr-but neglfCied--aspect of
mathematical thinking that has to do with turning errors to posi-
tive advaritage 4.123.

I will briefly cite some of the background "information dealing,kith in-4
---,--

structional management. Why are numerous educators. and projects directing

attention to the use of computers in designing and implementing instructional

management systems? What is the nature of the speculation being cited for

such uses of computers? Stated simply, the effqrts to organize individualized

instruction, particularly continuous progress programs (of the type used in

the Duluth elementary schools), has led to a recognition of the inadequacy of

teachers tO monitor and'prescribe such instruction. Cooley and Glaser (1968),

from the University of Pittsburgh's Research and Development Center which. has

produced the Individually Prescribed Instruction SIFT) bOrriculum, 41scrite

instructional decision making this.way
4 -

All teaching involves decisions about how_instruction-sheuld-pro=

p

ceed. Particularly characteristic of individualized instruction
is,thefiecessity f instructional decisiOns relevant to each
stufleh't. The%diffWirential decision - making function in individu--..
ali3Od instruction isa central'issue. These decisions" require,

`varietya great of information about thelindividual student,, 7.

such as (1) w

4

t Criteria of competence should be applied? (These
.

.

: / '''."-
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Alt

have traditionally been stored in terms of test grades, teacher 4-,

judgments of quality, etc.)* (2) what is the background of the
student? (This has been stored in the student's written record
in terms of intelrigthce test and aptitude test scores.) (3) how
does a'Student proceed in his learning? (This is usually the
teacher's impression of the.student as slow or fast,or attentive
or, distracta e, and rarely takes the form of documented informa-
tion.) (4) t instructional means are available for teaching
certain lessons? (This has be catarogued in the teacher's
had or' on a resources list.) .5]. , . 4

In the model of individualize0rinStrudtion envisioned by Cooley and Gla-
-4%

ser, a sizable amount o information is needed on a daily basis for eachg.,,..,6

student. It is obvious tHa some form of assistance is necessary to help

the teacher collect, store, and act in terms of such (lath. They outline six

features of a computer-management of instruction (CMI) model:

(1) Specification of goals, subgoals, and decision nodes.

2) Measurement and diagnosis of the initial state or behavior with

,which the student enters an instructional situation.

(3) The assignment of instructional alternatives.,,

(4) Continuous monitoring and assessment.

(5) Adaption and'optimization,

(6) Evolutionary operation.,

. The details of,such a CMI model incluA*knowiedges wh h do not

clearly: available given today's theories of instruction. But I wilt discuss

this point 'later.

WHAT IS THE CURRENT STATE OF THE ART?

1

4

.
Let us now turn to revil.fing,the state tf the art. Wtae'is the experi-

mental evidence to support or refute the uses of ciffiputers in instruction?
, -.

'How far have the developments progressed? In this review I will,examine basi-
a

)

- calay information which deals with mathematics,instruction; of course, some

information may have implications for teaching mathematics but which has not

been determined using school mathemIlIcs",as a setting.
'. 1

., j..In the October 1968 dpcument Computer-Assisted Instruction. A Survey '

.
. /

of the Literature (Hickey and Newton, 1963)1 available from ENTELEIC(an in- -.
,

,

formation processing center originally funded by the
-

Office of level Research)
.._.:, :.. -,.....

there are listed and described I4 university centers, five induat#B1Ay4ased

centers, 15 military projects, and eight public schciol end consortia deiiing-
,-,. .\

with a/ research, development, an ap lipation. Approximately 506-i
.

ual public and vivate schools1.4a*g t least a li;lited CAI capaiility and oyez

50 separate organizations have,Eully,operational time-Sharing S Stem.
. 1

'
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Charp (1967) reported the results of a 1965 survey of 65 schools using

computer programming in their curricula at a-conference on The Computer in

American Education (Bushnell and Allen, 1967). In the same conference, Karl

Zinn (1967a) another pioneer of CAI activity at the Univel,sity of Michigan,

provides a very comprehensive annotated listing of the multitude of projects

involved in the programmed learning type CAI. Snater.(1968) reported the

responpes of 50'Ichool systems selected because of their involvement in

using the problem-solving approach. Thus, it'would appear that considerable

-activity is underway in both cgtegories of CAI and problem-salving.

What measures of effectiveness of the computer-assis4d.problem7solving

approach are available?' The Computer Utilization'Program of the Altoona

Area School District, Pennsylvania, is probably the only high school project

in, the country to operate its own full-scale time-sharing teleprocessing

system owned b;\the distriCt and located In the high sci9lool (Information Ser-

vice Department, 1969). Started in 1964 as a small, government - funded in-

structional unit'for some 200 vocational students, the General Electric sys-,

tem has been expanded, in well planned steps until today the computer is seIfb,

supporting serviA4090 students in 16 different schools across five cehtfal

Pennsylvania counties.
.

Computer utilization in the mathematics and science department is in-
.

tegrated into the curriculum. BASIC is taught to all eighth and ninth grade,

students and FORTRAN is taught to all, mathematics and science students in
0

the senior.highschool. It is felt that if instruction in programming is

introduced early in junior high school, the programming-work can be incor

porated directly into the curriculum, The student learns just enough p

graMming technique each year to program typical problems giiien in the .ar-I
ticular matheMptics and science .ciaises. In solving their problemsrst dents

do all their work outside Rf class. Students ate required to make/an ana sis

of their problem, draw a flow chart, and write a'documented program in one o

the languages: The students

,numerous teletypewriters and

quently asked, "Where are we

program is punched onto paper tape at one of the

transmitted to the computer. Teachers fre-

going to kind the time to cover all the required

material and still teach programming ? ", Through actual experience with a tiv

group, however, it was found that.less'time had to be spent on drill work to

re nforce a ditticult concept "since the student had to analyze his problem

completely before programming. More Material cou d be covered since less time

139
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was required for the tedious calculations. Also, problems that were bypassed.

'before because of their complexity and lengthiness we're now tackled with

Success. The one bit of experimental evidence reported from the Altoona pro-,

ject states that experimental groups who have.been taught BASIC and computer 4

usage for algebra problem solving have attained a higher level of learning,

expecially in arithmetic reasoning, than control groups not similarly ex-

posed.
)

Dept.Jesse Richardson, Massachusetts State Dept. ofEducation, describes a

similar time - sharing project which uses the ,TELCOMP langtiaie in grades 6, 9,
11 . 4

and 11 (see Hickey -'and Newton, 1968). At the time of this paper, a final re-

port is not available.

The only available comprehensive research results which I was able to

locateahave stemmed from the two year Computer-assisted Mathematics Project, ,

better known as CAMP, conducted at the University of Minnesota High School.

Operating under a grant from the General Electric Foundation, David Johnson

(1966) directed a development and research program at grades 7, 9, and 11.
.

The pit-pose of the project was to identify apprdprtate material in the exist-
,

- .

ing mathematics program which might be more effectively studied by designing

computer programs. The grant supported the single teletypewriter term,inalf ant
AN*

the time-sharing c tracts over the two years. '

. Kieren (1968) xAported a two yearostudy conducted with)eleventh grade l'"

mathematics students in the CAMP,project: The 36 student frdM'tbe firit year

and the 45 students involved in the second'year werespandomly assigned to 4'4
...

. .

. c

either a computei4 or a noncompUter group. Far purpps s of analysis, the

classes were blocked into average, and high preViois achieVement groups. -The
4

-two classes were taught in both years by the experimenter. The textbook used

v,

, in the course was the SMSG Intermediate Mathematics. The differenceeiethe
.

treatments was that the computer, class learned mualtof.their mathematIOAq ' '';,4

. )

writing BASIC programs which involved the problems, concepts, and'skills.Ti%Om.' t

e
i

. c
the regular mathematics course while the noncomputer group a-d-not-us '-gtfle

,-

computer in any way., Variotis measures of mathematical achieyemen, were ob,-
/t c i

tained during each o the two experimental years. Methods of ana ysis o
;,

Variance and covariance were applied to these measures in order t6 test by

potheses of no di-fferences in group means after instruction. Also, the,' pro-
. T 'b

.
portions of correct responses were examined for 348 test items used inIthe,

,

second year.
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Kieren reportedone resection out of eight of the null-hypotheses of.no

treatment effects during the first year. This rejection favored the mean of t

the computer class on thscstandardized Contemporary Mathematics Test, Advanced

Level. MO:Significant differences of treatment by previous achievement level

interaction were found forthe eight significance tests.

During the second year, the achievement of the computer class was found

to be signifioantly higher according to the meant" for the Unit Test on Quadratic

FunCtions when the ana1y'4.ts involved the pretreatment STEP 2B and Unit Test on

Functions scores as Covariates. Using the Same eleven tests and the analysis '

of variance procedure, kiereb rejected the null hypothesis of no differences

due to treatments for the means of the. Unit Test on,Trigonometry and the COOP,

Trigonometry Test in favor of the regular class. As'in the firdt year, the

test'of interaction revealed no significant differences. However, an inspec-

tion of the cell means suggest that the Cbmputer seemed to be relatively more

effective for students of average p eviousachievement. Kieren (1968) states:

"It'is of int edt to note that the rejection favoring the computer clkss came

in a unit which was deemed 'extensiv in terms of computer use. The re-

jections in favor of theregular class come in the trigonometry unit where

the computer use was deemed 'moderate' in the description of the treatment"

[p.125].

The null hypothesis of no difference in the proportion of students cor-

rectly responding to a test item was rejected for 43 of the 348 items

cluded2___Instujoying-these items, it appeared that the computer had little

positive effect on simple skills such as computation with.complex numbers and

geomet"rical treatments of trigonometry. On the other hand, the computer.

"seems to make its strongest contributions, in the areas of complex skills,

organization of data and drawing conclusions therefriom, and the study of
.

infinite processes" [p.1271-8]. Kieren suggests that additional research

needs to be done involving more subjects and using carefully detailed written

materials to implement this use of the computer.
;

I was able to complete a second study (Hatfield, 1969) as a part of the

CAMP project. My research involved seventh graders over a two year period. 1

I ',

The design and instructional procedures are analogout to those described for

Kieren's study. Subjects were randomly assigned to treatments. In the com-

puter treatment, students wrote computer programs involving the same mathe-

'matical
. .

.

content taught in the non-computer treatment. Special supplementary

materials were written *fused with the computer grup to teach BASIC pro-

gratming, to identify the,content to be pro d, and to guide the writing t,

.
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of prograths, the study of output and the rocesses of "debugging" or refine-

1ment towar0 a more general algorithm. C parisons involved several con-

structed testl commercial standardize4 tests, and a selected problem solv-

ing test. Revisions A the supplementary materials and constructed, tests

were sufficiently .extensive to require that each year be treated a Xe

separate experiTent. For purposes of analysis, each treatment w 'blocked

into three levels of previous achie ment using scores on the STEP Mathematics

3A test. Analysis of variance was used to compare
a
main effects due to lreat-

----..

ments and differential fects of treatments across previous achievement

levels. Comparisons of proportions of students responding correctly to a

test item were used tc/xplore in greater detail the partjoaar contributions
.

of each treatment., Each of these items had been classified as a "skill,"

"concept," or 'problem' item by three'mathematics educators who applied -a con-
-

struct specification developed by the experimenter.

During Year 1, the effect due to treatment as measured by group means was

signific

1/4

t for only one (Numeration Systems)of the eleven criterion tests,.

This differe fa.ored411Itt the noncomputer treatment with the
.
greatest difference

in cell means occurring.at the low previous achievement level. During this
.:.

./

initial unit, the computer students also learned the BASIC ,programming proce-
,

dUres,vihich seemed to interfere with concurrent study of numeration systems.

The equality of item proportions was tested for 2 e propoctioas of #,

correct responses in the con up was significantly greater on 22 items;

while on 1 e computer group was favored. ,On.six of the eight sig-

nificant "skill" items, the control group was favored.

During Year 2, the means analysis of treatment effect rev4,1ed signifk-
4 %

.......-4 .

cance on one (EleMentary'Number Theory) of the six unit tests and two (Con-

temporarytetporar5i Mathematics Test and Thought Problems) of the six posttreatment

tests. These significant differences all favored the computer treatment:

Comparisons of cell means on these three tests revealed that the high and

average previous achievement computer groups were especially favored. The

number theory unit was recognized as a particularly relevant setting fo\r the
X

use of the computer. The emphasis of this
'
unit was on exploration and inquiry

with problems involving many laborious calculations. The orientation was'to
, ; .

use,the computer as a laboratory tool to explore a number of interesting num-

ber theory settingt. The proportions for 327 items revealed that th'e computer
,,,,

group seed significantly better on 25 items while 13 items favored, the con-

trol group.
.

The computer group was'significantly favored on 12 of the 16 _

.
, 1 1

problem items and 10 Of the 16 concept items.

0%4

A A

1

1

142 1) 4 61.,. t

3

t

a



w

COMPUTERS-

The results from these two studies do not support computer-assisted

problem solving as the, optimal approach to be taken in, all settings. At--the

same time, there is evidence that these seventh and eleventh grade students

.could learn to program the computer to study their school mathematics.

, ' Furthermore, in several Particular settings, the comtuter-approach dithreN,

'suit in significantly improved performance.

While the heaviest overall usage of computers in instruction has been

ih the category commonly called.CAI there seems to be experimental evidence

dealing with mathematics instruction from only a f017-71"-thecenters. One

of the most carefully planned and extensively documented projects has been the

drill-and-gractiCe CAI prOject forarithmetic from the Stanford center. Now
-------,

in their fifth year of work, Pat Suppes, Max Jerman, and others have compiled

an impressive perforMance record. In addition to a wealth of articles and

center reports (Suppes, 1966; Suppes, 1968a; Suppes, 1968b; Suppes, Jerman

and Groep,,1966; Spppes, Loftus, and'Jerraan, 1969), Suppes, Berman and Brian

(5964) have authored a detailed textbooR account of the 1965-66 ariVmetic

program. To give some idea of the extent of Stanford's current project, the
r,

, Febrdary 1969 issue their CAI Newsletter (Jerman, et al., 1969, reports that

nearly 250 terminals are now located in. schools and homesin California,

Mississippi,- Kentucky, and.Washington, D.C. In the period from October 9

roug ece 'er , a o

itc

: ft
X

57,399 administered to the users in Mississippi alone!

A comprehensive review of the detailed results in the evaluations being

,

produced by this project will not be attempted here. An evaluation of the 12

Mississippi schools of 1967-66 using the Stanford Achievement Test as a pre-

test.and posttestrevealedthat at allGrades 1-6 the comparison of mean gains

in grade placement-scores significantly favoreefhe group which had received

the brief'daily drill administered by the computer. ,The difference is'largest
.

in Grade 1, where in onlv.three months the average increase in gradeplace-

merit was 1.14 for experimental students. compared to .26 for control students.

Pig effect was the least for the fOurtt and fifth graders. 14 is noteworthy

that this approach to drill and practice has been implemented by file New York
,

City public schools this year where o er 6000 students are reported to be

receiving brief arithmetio and readin drills daily using an RCA, computer
=system.
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°I Cannot leave an accouWt,of the Stanford-CAI center without according

some, acclaim to the formulation of the theoretical .linear structure). models

for predicting respbnse and latency-pel<formances in the CAI arithmetic drills

(Suppes,49,67a; Suppes, 1967b; Suppes, Hyman and Uerman, 1967); It is exactly

such contributions whichgwill be necessary before educators can ever hope to

implement a system. of computer-managed instruction. Of course, should the

computer never become a tool in instructional_ management, the knowledge of the

type generated by Suppes and his staff should have relevance. in the design ,of

instruction,,whatever the medium.

In the 19.67 -68 Report from the CAI Laboratory of the,/ Jniversity of Texas,

Gibb (1968) reported the results of three studies, involving elementary mathe-
,

matics students indicating some significant work in compUter-assisted arith-

metic instruction in the Texas oenter.
. -

Let me'draw your attention to at least one project whith seems to hive

implications for future uses of computers in assisting with instructional
AO

managebent. Hively, Paterson, and Page (196.8) report one of the first non-

trivial applications of what Osburn (1968) has named "universe-defined achieve-

ment testing.' In this approach, the basic arithmetic program used in fgderal

Job Corps centers was analyzed into precisely defined domains of behavior.

Item forms, consisttng of general forms together with.a sDecification,of genera-

he set of all test items which were taken to

represent a diagnostic category. The studies teewere tests Of.whether

the defined item forms ppresented distinct, homogeneous c es of behavior

which in turn could providp the foundation for detailed diagne:

tion. Although a computer was not used to generate,-the par cular tests from,

the various item7form universes, the authors note that excpmpufercould be
%

-

easily programmed to do this. It is easy to see the utility pf such a testing,.

system for evaluation in a learning system a at providing differential
64

placement. i.
Some Next Steps--,--- - ,..., ,

., 4
1

As must always beethe case, I have only touched upon the variety of current
.., ,

activity'involving computers in,mathematics instruction. I would propose the
1

ollOwing as
.
conclusions, trends, and unanpered,questions. for teachers and

researchers:.
i ,,41:it'

(10athematics ipstruction,cpcarticularIy4at ihd secondary and college
k.,

,,, /

level, wifkcontinste to be the setting for the investigation of the approach

cOalled computer-assisted problem solving. Future investigations should seek

41sweri to questions like the following: Is this way of sttldying mathematics' \.,......,

A effective for eenexlel mathematics and applied mathematics students? What area
1

,

ilk r 1
H ,
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.the transfer effects of using this computer approach to data organization,

decision making, and corrective refinement of .decisions in other disciplines,

such as the physical and social sciences? What are the relationships between .

the style and organization of algorithm designs and the.leareingstyles pf

students? ...Are there difficulty levels associated with particular computer

algorithm structures? What are the attitudes, toward the /earning of mathe-

matics and toward this particular characterization of man-machine systeins?

Are students indeed more'motivated to learn mathematics while using this com-.

purer appi-Oach? Are there particular features of a program' g language that
.

make it the best selection for different students.? What are the advantages and

effects of using an instructional mix of CAI-tutorial material with prob.14M-

solving and algorithm design? Ennis (1962-5) of Corneal University has Lb-
,

mitted that several aspect's of Piaget's formulation of tbe development.of
;

logical thought are inadequate . He has posited a dihxrent model. Can the

processes of computer algorithm design be described as characterizations of

such models Of:reasonii2g and logic as Piaget and Ennis have discussed?

(2) CAI at.the.drill-and-practice and tutorial levels will,continuein

the'main to be an activity of heavily funded Research and Development centers.

The use of CAI as an instructional laboratory foi" researching questions aimed

at more adequately describing and predicting the learning of mathematics is

assured.. Widespread usage of CAI instruction will depend in most part upon

p how rapidly hardware people can bring down the inflated casts of terminals

and communication. One possiblity of a major breakthrough is currently

claimed by Bifzer (1968)of the University of Illinois. CA center. He and

others have developed a plasma display tube capOle of color and rear screen

plbjection from microfiche which can be driven over coaxial cable at great

distances, which will be low in productiontcost, and which can support related

. media devices. A description of this. device and Bitzer's claiMs are part of
1

the proceedings of the September, 1968, Conference on Computer-assise Instruc-.
tion'sponsored by the NCTM, NSF, IBM and the Pennsylvania State University (see

Heimai", 1969). -Much of the developmental work in CAI in mathematics will focus

on special "excursion" material, dealing primarily with remediation and enrich-
.

ment. Should suermateriL becom( ge rally available, teachers will be faced 1

with the challenging problem of determining how such available instruction is.,

to be properly blended into mor conventional classroom instruction. Assistance,

in this probleth may come in part from the work just beginning in the third area,

of computer use I have described: namely, instructional decision making. t
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(3) Computer-management of instruction (CMI), described in its current

theoretical state, holds probably the most. significant impact for educational

environments. The utility of employing computers in management of instruction

is contingent upon the corfitinuet surge toward designing more individually

sensitive learning opportunities.. I believe that the current activity aimed
.

at individualization is not simplp a,fad, but rather is the fti,st insurgen-le

of what will be a major educational revolution. The feeble predictive know-

, ledge we now have about how childr7en learn'mathematics must4be vastly extended

before*we will be able to design what will approximate optimal instruction for

each individual. cr

In closing, leflI propose that the cdenunity of mathematics educator-

researchers formulate a plan for develpping a Center for'the Study of Mathe-------
.

matics Learning (see Suppes, 1967a). I believe-that such a think-tank could
.

effectively focus the diverse activity 4Ind accelerate the present trickle of
r

basic, formative research. Such a Center, staffed with a reasonable number
Ark

of the insightful pecr ople currently interested in studying mathemnCs learning,
. i'/''

-z

could be the capability required to overcome thp, information gap that preventL
1. i

,us from having any real assurance that what we do ig teaching a particular

child is what is best for him. The.advent of'the computer seems to hold the,

promise of overcoming many of the manpoWer and economic barrArs in individua-

lized tutorial instruction: The real question is whether we will be able to

intelligently, use the capabilities whill computer will offer.to us.

J
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PROBLEM SOLVING

Problem-Solving and Creative .Behavior in Mathematics

Jeremy Kilpatrick2
.TeaOhers CollIge, Columbia University

Problemsolving and the related, more elusive subject of creative be-

ihayior have received substantial attention from mathematics educators during

the past five years. The role of problems in developing students' mathemati=

cal activity was chosen by the International Commission on Mathematical In-
.

tirUaion as one of three topics for discussion at the 1966 International
. .

Congress of Mathematicians in Moscow. Reports to the Commission by the Con-.

ferenet Board of the Mathematical Sciences (1966) in the United States and

by the Association af-Teachers of Mathematics (1966) in England highlighted

the impobtance of problems ir:mathematics instruction and indicated that we

need to know much more about using probleMs to stimulate independent and

creative thinking.

The Cambridge Conference on School Mathematics (Educational Services

Incorporated, 1963) urged curriculum developers to devote more time and ener-,

gy to the'creation of problem sequerices, with special emphasis on, problems

that can be used to introduce new mathematical ideas. The coming "second

round" of curriculum revision anticipated by the Cambridsp,Conference.will

clearly require careful specification of criteria, for these problem se-

quence§ (Baughman, 1967). As complex, challenging Mathematical problems
.

assume a more central role in the curriculum, more research that makes use

of such problems will be needed.

Carl& for more research are easily made. A more difficult task is to

locate, amid Vie vast, amorphous literature qn problem solving an4 creativ-

."iey, studies that might inform future research. 0 the liteFature reviewed

here suggests, the topics of problem solving and creative behavior are not

..1 1A'preliminary version of this paper was read at the 47th Annual Meeting
oftthe National Council of Teachers of Mathematics, April 1969, in Minneapolis
under'ihe title "Review of Research in Problem Solving in Mathematics," A

shortened form of 'the paper, entitled "Problem Solving in Mathematics,"will
appear in the Review of Educational Research, October 1969. '

2James W. Wilson, University. of Georgia, ,served as'consultant on the
preparation of this reviw. Richard Pocock assisted in the initial search of
the literature.
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being investigated systematically by mathematics educators. Fortunately,

some psychologists have used mathematical tasks, or mathematic-related'

. tasks, in'their research on higher cognitive processes. Though the use of

mathematical problem material in psychological studies appears at times to

be almost fortuitous, these studies fill some of the gaps, in'current re-

search in mathematics education and may provide some of the direction that

is now lacking.

4 Bibliograbies,and
0!

g,e Problem solving in elementary school k
,atics was the subject of

several recent reviews. Riedesel (1969) listed 63 outstanding articles and

research reports from the past fifty years, and noted some obvious implica-

tions of this research for arithmetic teachers. Gorman (1967), in amore

systematic and critical analysis, identified 293 studies on woi'd problems

conducted between 1925 and 1965. Only 37 of these stales, mostly doctoral

theses, were deemed "acceptable" according to Gorman's driteia, which em-
,

phasized the control of factors affecting in\rnal validity. eneraliza-
,

tions drawn from the acceptable studies were as frequently contradicted as

-confirmed by results from the
r
remaining studies. A monumental survey by

Suydam (1967) of,published research on elementary school mathematics from

1960 to,1965 yielded 84 studies of problem solving, the largest single cate-

gory in her topichlassification scheme: Suydam, too, found conflicting te-
.

sults and a generally low quality of design and repTing.

Similar surveYs at the secondary school level would be useful, if only

to document the dearth of published studies on problem solving at the higher
MOW

grades. Comprehensive general reviews of problem-solving theory and researeh

are given by G. Davis (1966) and in the volume edited by Kleinmuntz.(1966).
)

Investigations of creative behavior in mathematips have not been col-
.:

lected and reviewed apart from other creativity studies. The bibliography

_by Razik (1965),and_the review by Arpsteh (19622 are useful general...re,-

ferenpes on creativity research. Davis, Manske, and Train, (1967) have.

summarized the literature on methods fol's training creative thinking.

Problem - Solving Ability

Without necessarily donceiving of the ability to.solve mathematical

problems as'a unitary ph omenon, one can learn something of its nature by

1

,
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PROBLEM SOLVIN .

. N
examining the relationships between an individual's success in problem solv-!

ing and Other characteristics of his thinking and personality. Studies of

problem-solving ability range from straightforward comparisons of gup per-.

formqnce to intricate factor analyses.

Individual Differences

.1
Tate and Stanier (1964) analyzed the performance of good and poor pro-*

lalem solvers on testssof critics thinking and practical judgmerft. Subjects

were 234 juniorigh school students,whose score on a composite measure of

problem-solving ability, including mathematical and quantitative reasoning

problems, deviated markedly from a regression line of problem solving on IQ.

On the critical thinking tests, the poor problem solvers tended to avoid the

judgment "not enough facts" and to make unqualified "true" or "false" judg-

ments. On the practical judgment test, they tended to select answers having

a high affective component. Tate and Stanier argued that the errors may
. .

stem from response sets having a temperamental rather than an intellectual
, .

basis. Of special note, too, aretbe striking differences between good and

'poor problem solvers'on a test in which they had to identify the missing data

in arithmetic problems (Tate,, Stanier,/and Harootunian, 1959).

Sex differences in problem-solying ability were studied in a novel way

by Sheefian (1968), who used almultivariate analysis of covariance with a

step-down procedure.to examine the relative influence of concomitant vari-

ables on "difference's in.chievement. After five weeks of instruction in

algebra, 107 high school freshman were given a criterion test divided into .-

subtests designed to measure higher- and lower-level cognitive.orocesses.

liper,i.or performance by the girls on the lower-process test disappeared as

seqtential adjustments were made for their initial superiority in eighth-

grade mathematics achievement; algebra aptitude, and pre-instructional know-

ledge,of algebra. Further, the boys showed superior perforftiance on the

'higher-process test after the adjustments were made. The.results indicated

that sex differences in ability to learn complpx problem- solving skills may

be masked,if criterion tests emphasize the acquisition of information.

Koopmah (1964) found that although boys and girls at eachiof the-grades

from nine to twelve were about equally successful in solving arithmetic pro-

blems; the girls at each grade were less confident of their solutions than

the boys. The twelfth graders were better able to judge their, solutions

Correctly ftwiieere the ninth graders. Robinson (1964) found no sex
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differences or differences between seventh and ninth graders in the ability -

''- to justify a mathematidal generalization by means of a proof, but the did .

find differences attributable to the tasks and to whether or not the stu;

dent was in a general mathematics program.

Related Skills and Abilities

Success in solving word problems in mathematics clearly depends upon

skills,in reading and comp4tatiOn, but the relative contribution of these

skills is not so clear. Below (1964), using a factorial design With sixth

graders at four levels of reading ability and four levels of comptqaZional

ability found thatboth factors were associated with problem-solving ability
C
as

measured'by the Arithmetic Reasoning subtest of the Stanford Achievement

Test. There was no significant interaction between the two factors. When

IQ was taken as a covariate,.similar results were obtained, except that cone

putational ability showed a stronger effect than reading ability. Martin

(1963) found that each of the factors of reading comprehension, computation,

abstract verbal reasoning, and arithmetic concepts was correlated with pro-
,

121em solving as measured by the Arithmetic Problem-Solving Test of the Iowa

Tests of Basic Skills given to fourth and eighth graders. The partial come-

laticwbetween reading and problpm solving with computation held constant was

higher at both grade levels than the partial correlation between computation

and problem solving with reading held constant.% As Martin suggests, the

lationship between prOblemrsolving ability and itssunderlying skills, -

rticularly.higher-order verbal skills, is probably more cofiflex than had

been supposed. /

Two factor analytid studies of problem solving in mathematics were syn-
..--

thesized by Weredel4n (1566), who rotated the two factor matrices to a con-

gruept structure.
k

The loadings on'the five factors isolated in each study

were virtually identical. Tests of prOb m solving loaded most strongly,on

a Gfteral Reasoning factor and to a lesser extent on a Deductive Reasoning

and a NumeRacal.factor. The other factors, -Space and Verbal Comprehension,

were unrelated to-problem solving. Werdelin's subjects were high school

boyg, so hit analyses'do not permit an examination of st iexdfferendes, but

Very (1967) has demonstrated with college stuients that the mathematical

abilities of males are more differentiated and more easily identified than

those of females. Similar patterns were also found at gradps nine and ele-.

ven,.with a general increase in number of factors'with age (Dye and Very,

1968) .

I
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Affective Variables

PROBLEM SOLVING

S.

An experimental study 'of test anxiet(Ti Jonsson (1965) illustrated

the importance of affective factor4 in problem solving. Identical mathe-

matical problems fro/ the Sequential Tests of Educational Progress. were

embedded in two different test versidhs, one containing easy prbbas and

and contairiing difficult problems. Classification variables ih,addition to '

test version were scores from the Test Anxiety Scale for Children. An

allatysis of covariance was ate separately for each sex, With arithmetic

reasoning as the covariate, The sample consisted bf 358 sixth graders. Re-"

sults showed some interaction)9ftst anxiety and test difficulty, especially

for giris,'to the detriment of the performartce of highly-anxious sutrigdts

taking the more difficult version. The results could be used to bolster

_arguments for

r ance but also

in,studies of

matching achievement tests more closely to estimated perform-
.

suggested that anxiety may act generally to distort findings
. .

.;

complex problem solving. :

Evidence on the influence of moti:eational factors, was reported by
iv

* Gangler (1967 ).,,who fdund thlt college students who were inflittmed that their
0

work on a series of learning tasks,ip symbolic logic would count toward their
e-

mathematiccourse grade perform ess well on learning and problem-solving

tasks thanfst4dents who were not so informed. The effect was greater for
71

stident%of high intelligence than for students of low intelligence.

fa ,KeliMer Pringle and McKenzie (1965) argued, on the basis of a pilot+in-
/

vestigation, that a ass competitive school environment may reduce frustra-

tion and stress at origlow- ability pupils. Theyfoidd less problem:solving

rigidirty among low-ability children in a child-centered progressive school

in England/tiler:among comparable children in a traditional school. These

findinr are sugges-Ne at best; the joint influence of affective factors

and intelligence. on mathematical problem solving warrants further study.

Additional References: Kennedy and Walsh (1965); Lindgren et al. (1964).

Problem-Solving Tasks

When problem material varies all the wpy from geometric proofs to match-

stick puzzles, one wonders whether consistent generalizations can be made

about problem solving in mathematics. Some reassurance that.laboratoryta$ks
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1

have relevance to classroom work has been given by Olson et al. (1968),
1 I

obtained significant correlations between grade in seventh-grade mattlemsetics

1
-i,

4

and performance-in paired-associate learning, iscriWination con-

cept of probability, conservation, erba memo , and anagram tasks. The re-
,

sults were complii4ated by sex diff rences, espec'ally when IQ was partialed
4-, of

out, but a clear-and unexpected finding was that the more complex, school-
,.

like tasks, such as conservation of volume and anagram solving, bad no

greater predictive validity han_the simple rote - learning tasks. Variations ,

in problem material do make some difference, h/owdvertand several investi-

gations were aimed at assessing their effects.

Problem

A perennial issue in ma4atics education concerns . the use of/problems

that are closely related to students' interests and experience. TratkrP

(1967) asked 240 male high school freshmen to choose and d'olve one of two
.

problems that were identical in structure (numbers used, operations required,

etc.) but different in settilt. The subjects showed strong preferences for

"social-economic" situations (e.g., selling hot dogs) compared with "mechani-

cal- scientific" situations (e.g., testing spark plugs) and "abstract" situa-

tions (e.g., 'solving secret codes). The.last situations were particularly

unpopular. General mathematics students shOwed stronger differential.

Iprances than algebra students, and there were some tendencies, although

slight, for problem preferences to be related to vocational interests as
.,

expresse on the. Wider Preference Record.

eTh /hypothesis that disadvantaged children would perform relatively
.

better on problems whose content dealt with lower, needs, such as food and
.3,

shelter, than on problems whose .content dealt with higher n°, mush as
L,

maste/4Y and education, was;tested by Scott and Lighthall (1967). Need con-
....

.-/

tent of the problems was no''. related to degree of disadvantage of third and,

fourth graders. A principal components analysis of'the data suggested that

factors associated with, the difficulty and the mathematical content of the
o

s items, rather than thetneed c8ntent, accounted for differences,in performance.

Problem-Structure

tteffe (1967) investigated the effects

-
gdage<ysed a problem on es diffaculty.

k

4

/3

4'

of,two variations of,the lan-

Twenty one-step addition problems

1.



were presented orally to ninety firs

PROBLEM SOLVING

graders in individual interviews. In

ten of the pr Ilems the navies for the two sets to be combined and the total

set were h e same ("Therk are four cookies on dne plate and two cookfes on

anotIT plate. How ma cookies are on the plates?"), and in ten of the

roblems the names for the three sOsiwere different,("Mary has four kittens

and two goldfish. How many pets does Mary have?"). Half of the Ablects

s

1 is

- ,

were givell problems in which an existential quantifier was used at the be-
/ ......)

inning of the problem ("There are come cookies 6n two plates"), and half "14...4%,
,

/ wer given problems without the quantifier. The presence of the quar4fier
r)

ha, no effect on problem difficulty, but the problems having a Common name
....'

ofor the sets proved to be significantly ciasier than the problems having .

different names for the sets. SteffeconclUded that curriculum developers
s',,,

in differe words.

....21

should give more attention to problem situations in which the sets are
.

''

In a study of three factors hypothesized to affectprobie-_Sm diff/ulty, :

. .

West and Loree (1968) found that decreasing a problem's redundancy.(reducing
i

the repetition of data) and decreasing itsikelectivity (aylding irrelevant

data) made.the problem significantly more difficult for seven0 and ninth

graders, and that decreasing a problem's contiguity (putting the 'data some

distance apart) made it significantly moie difficult fgr-seventh,.but not

for ninth graders. Placing'the.question at the beginning rather than at

the end of the problem statement did not improve performance significantly,

according to Williams and McCreight (1965), who asked fifth and sixth graders.

to solve problems of both types. Burns and YonallY (1964), using twc:and

three-step problems, found that fifth graders were more successful when the

data were presented in the order used to solve the problems than when the

data were presented, in another order. Subjects low in arithmetic reasoning
ti

ability were more affecteeby the reordering of data than were subjects with

high ability. r

SupPe, Doftus,and Jerman (1969) studied the relative cbntributionito

problem difficulty of six variables: (1).operations, the minimum number of
s

different mathematical operations needed for a solution; (2) steps, the min-

.
imum number7of stepp (applications of operations); length, the problem *

length, in words;.(4) sequential, whether or iot the problem. could be solved

by the seine operations as the preceding one; verbal-clue, whether or

not'the prgblem contained a ver al clue to the operations needed; and (6)
. 4

,1 ,
0

. ,
65

I.
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conversion, whether or not conversion of pnits s necessary. .Data were ob-

tained from,27 bright fifth graders, each of whom olved 68 word problets

presented in a computer-assiited instructional program. The six2 variables

accounted for.45 percent of the variance in performance on the problems,

With the sequential, conversion, and operations variables makiAg the greatest

-contribution, in that order. The sizable contribution 'of the sequential

vari4ble suggests that the context in which a problem is embaddecfmay be al-
, .

most as influential as the problerli's structure in determining its difficulty.

The wording of problems is a strUcituraljeature usually assumed to be
related to their difficulty. Thompson (1967) wrote ten arithmetic problems

at two levels of readability as defined by the Dale-Chall and Spache read-

ability formulas. Mean reading grade levels for the two sets of problems
.

were 2.7 and 8.7. Subjects were 368 sixth graders, halfwith IQ's above 110

and half with IQ's below feto (as measured by the California Test of Mental

Maturity). Thompson reported that the effects of readability Ind mntal
4

ability on performtnce were interactive. Although readability affected per-
*

_formance at both levels of mental ability, it had a greater effect ith sub-

jects of'low mental any.

Stull (1964) investigated the effectt of reading problems aloud to sub-

jects. Five classes at each grade from fourth to sixth received auditory a'

assistance while takingan arithmetic test; five classes at each grade did

not The4test comprised four subtestethat measured: (1) knowledge of

quantitative-relationships found in social situations, (2) ability to

recognize missing.data, (3) ability to disregard irrelevant data, and (4)
4

ability to make appropriate assumptions from the data. Only on the subtest

of ability to disre irrelevant data did the subjects who received audi-

tory assistance pe orm better than the others, and this effect was signifi-

cant for the girls but not for the boys. On the other subtests, differences

wei,e not significant. The results suggest that problem .difficulty is more a

function of reasoning ability than of reading skill,
,

Additional'References: Early (1967); James,(1967).

Problem-Solving Processes

Since the solution of a problem--a mathematics problem in particular--
N.

is tyilically a poor index of the processes used to arrive at that solution,

problem-solving processes must be studied by getting subjects to generate
DO A ,

r
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. .

observable sequences of behavior..- Psychologists have devised numerous teeh-
niques for studying problem solving (4ourne and Battig, 1966), lut mathemati-

cal problems are seldom used in suc ,research. Nonetheless, much of.the.re-

cent literature on problem-solving processes hat relevance for mathematics

educators.

Developmental Changes e

piaget's theories owthe growth of loOcal_think,ing have served as both
focus and touchstone for developmental.'studies. Sharples et al. (1968) ex-

e
amined the relationship betweefittrandlfourt'h

graders' ability to solve
4 44'transitivity of length problems andPtheftq.ability to solve lOgic problems

'embodied in switch -light tasks!.4A scalogiam analysis indicated that trans-
itivity of length was pretequzsite to the form of periation used.in solving
the 'logic problems. The fourth graders, however, failed to show a hypothe-

sized superiority on the transitivity'task. Irfformal interviews suggested
that' the fourth graders' performance may have been hampered because

were searching for a "trick"--an observation
- reminiscent of Weir's (1964)

finding that seven- to ten-year-olds often perform ai'loWer levels on pto-
blem-solving tasks than younger and older children. The seven- to ten-year-
old may be "at a point'i development where his ability to.geneate complex
hypotheses and employ complex search strategies is growing at a faster pace
than his information-ptocessing ability, which catches up

. age" (Weir, 1964; p. 481). Impressive evidence has begun

young,children car learn and transfer various compliCated

only4at a later

to accumulate that

problem-solving
strategies (Stern, 1967; Ster6and Keislar, 1967; Wittrock, 1967): jk

,... .-\..

0Freyberg
(1966) used an objective test designed to measure the develd

%.

mentwof Piagetian concepts in 'a two-year longitudinal study. The subjects-4 I. '

' .were, boys and 874ibls, six to nine years of age. Scores on the concept
test were as predictive of arithmetic'computation and arithmetic problem.; 1

solving ability two years latezlies was Primary Mental Abilities Test mental l
.

age. Furthermore, a'regression analysis showed that the concept test added

.significantly to the prediction of arithhetic,attainment.by mental .age.

O'Brien and Shapiro (1968). demonstrated that, the ability to recognize.,

lOgically necessary conclusions is not thesame as the ability to test the
.logical necessity of a conclusion. First, second, and third graders were

r r
given one of two tests.: a 100-item test, devised and used previously by Hill,
in which subjects respOnded "yes" ors"n6" to questions on,premises From

161

167
0



KILPATRICK.

sentential logic, classical syllogisms, and the logic of uantification; and
'10

a 100-item modification of the first test in which subjects responded "yes,'

"no," or "not enough clues" to 67 unaltered items and 33 items altered so
>

that,the third response was 'correct. The results on the first test confirmed

Hill's previous findings of growth from ages six- to, eight and a genera Aly

high level of performance at these ges in ability to recognize logical ne-
.

cessity. The results of the second test showed, except in, the case of the

altered items, no significant growth with age in the.ability to test logical

neensity, and a signifiCantay lower level of performance overall. Subjects

in all three grades tended to avoid selection of the "not enough clues" op-

tion when it was correct.

Strategies of Inquiry

) The now-classic A Study of Thinking (Bruner, Goodnow, and Austin, 1956)

has stimuitt: mathematics educators (e.g., ,osskopf, 1968) to ask whether

the strategies employed,in concept attainment tasks apply., to problem solving

in mathematics., Concept attainment studies, however, have seldom used mathe-

matics problems,:perhaps because such problems do not qt the information-

gathering model very well. In salving a mathematics problem, one often has

most of.the information he needs; the question is what to do with'it.. Re-

search on strategies of inquiry Can tell only part of the stop, but it"may

provide some leads for identifying more general problem-solving strategies.

Rimoldi et al. (1964) developed and validated a variety of criteria for

assessing performance on information-gathering tasks. Theytfouod that scores

derived froth the logical structure of the problem were more useful and dis-.

criminated better than did scores based on group norms.. Practice on informa-

tion-gathering tasks improved subjects' performance, ana male college s tu-
r);.

dentS performed better by most criteria than did male high scho9rstudents..

A subsequent study (Rimoldis.Aghis, andkurger, 1968) showed similar increases.

in performance with age from 7 to 13 years. Reimark and Lewis (19671 have

suggested that increases in logical information-gatheiing strategies with age

are attributable not b differential learning rates.but fo,'increases in the

number of subjecti at each age who are capable ofiping,a strategy. ,In other

words, the acquisition of logical strategies is essentially all-or-none fdr.

each individual--a hypothesis worthy of further test..

Recent work by Dienes and Jeeves (1965) has given what may be a

t

4

nf,
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productive new focus to tthe search for strategies. Instead of studying sub- .

jects''behavior as they gain information about concepts, Dienes and Jeeves

studies hob subjects reorganize stimulus material into structures. Using

a task in Which the card a subject-played, together with the card shown in

the window of an apparatus, determined which card would appear next in the
window (a binary operation), Dienes and Jeeves presented 4ilodiments of

mathematical groups (the two group, the cyclic group of order four, and the
four group) as games. The subject played a card and predicted which card 0.

would appeN,next in ,the window unt5l his predictions were con§istently

correct. When asked how the game worked, subjects gave three types of eval-

uations:, operational, indicating that they regarded the card played as oper-

ating on the card in the window; pattern, indicating that they divided the

lame into parts in which similar combinations of cards yielded similar out-.

comes; and memory, indicating that they had merely memorized each combina:
tion.

Dienes arid Jeeves identified a strategy of
A

card Nice corresponding to

each type of evaluation and found that a subject's use of strategies was re-.

fleeted in his report. The hierarchy of evaluations (operator--pattern--

memory),was validated in various pprformance measures. Adults tended to'use

more strategies and to giire fewer memory evaluations than did children.. Sub-

sequent work (Jeeves, 1968), using groups with 3, 4, 5, 6, 7, and 9 elements,

confirmed the, findings of thr earlier study that childrenere better able to

farticularize (from larger group to smaller group) than to genqalize (from

smaller group to larger group) and that children had more difficulty gen-

eralizing than did adults. In Dienes and Jeeve' view, S-R models are it-

adequate for explaining subjects' performance on these tasks, and somF kind

of- structural leerning must be postulated.

Heuristic Athods A

Modern interest in heuristic--the study of the methods and rules of dis-

covery and invention -is due principally to Polya .(l 957, 1962, 1965), who

has ypoforth maxims for prqblem solving which, he postulates, Correspond to

mental actions. Evidence for the validity of Polyes observations on the

problem-solving prOcess has come most strikingly from work on computer sim-

ulition of human behavior. Programers have found that the incorporation'of

genera*l heuristic rules, such as working backward or.using a diagram, not

163,k
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only makes problem solving more economical, but it also results in *or-

formance by the computer that closely resembles the behavior of human sub-
..

jects struggling with similar problems.

Information-processing approLhes to th9 study of problem solving (see

Hunt, 1968; Newell and Simon, 1965) he frequently used mathematics pro-

blems. Paige and Simon (1966) compared the protocols of subjects asked to

think aloud as they sclved algebra word problems with the processes used in

computer program for translating English sentences into -Actuations and ;then

solving them. Analysis of the protocols showed that subjects used some 'kind

of internal representation of the physical situation described 1py the pro

blem in framing their equations. When given "contradictory"problems.in

which equations can be written even though the problemis physically im-

possible, subjects consistently differed in their ability to detect the con-

tradiction. Paige and Simon conclUded that good problem solvers are more

likely 'than poor problem solvers to discover contradictions of this sort,

an observation in conflict with Krutetskii's (1969) finding that for some

contradictory problems, capable secondary school students and adults make

more mistakes than less capable ybjects, who use a concrete interpretation

mayand thereby discover the fallacy. The difference in results ay be attribu,

i table to the Soviet educational practice of teaching mathematics problems as

represent tive of certain "types." Krutetskii's more capable subjects ap-

parently aw the contradictory problems as embodying a type, recalledstile

type solution, .and then mechanically substituted the (illogical) data into

the solution.4 Kennedy, Eliot, and Krulee (in press) gave a fiYe-step de-

scription of the act of solving algebrg word,problems: (1) assimilate the

problem statement, -(2)asseis the information given, (3) identify the re-'

lationships among elements tb form equations, (4) incorporate unstated

logical or physical assumptions, and (5) solve the equations. Twenty-

eight high school juniors, equally divided between the sexes and between
, L

honors and regular mathematics classes, .sere given three numerical ayd
.

three word problems and:abked to think aloud as they worked. The honor stu-
t 0 .. - f

dents did not differ from the average students in their ability to assess the

information given or to identify the relationships among elements, but thee

honor students, were better able to make. inferences about unstated logical and
t

or physical assumptions, in confirmation of the Paige and Simon observation

mentioned above. An additional finding by Kennedy, Eliot, and Krulge, that

the less able students had a greatei, tendency to formulate problems in the
. .

164 1 '7
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order4the data appeared, supported Burns and Yonally's (1964) report that

students low in arithmetic reasoning ability had greater difficulty with pro-,

blems when the data were reordered.
.

Kilpatritk (1967), using system based on heuristic processes identi-

fied
enti-

fied by Polya, analyzed problem-solving protbcols of 56 junior high school

students in relation to their performance on a battery of aptitude, achieve-

ment, and attitude scales. Systematic styles of approach to spatial and

numerical problems, similerloo styles identified factbr analytically by,,

Frenph (1965), proved tobe_unrelated to processes used in solving wal:$1

b/eMs: Subjects who attempted to set up equations (they had not yet had an

algebra course) were signifipantly superiqr to the others on measures of

quantitative ability, mathematics achj.evement, word flUency, general reason-

ing, logiCal reasoning, and 'a reflective conceptual tempo. Subjects who did

not usd equations'varied in their use of trial and error. Those subjects who

used the most trial and error were higher than the others in quantitative

ability and mathematics alglievement. Those subjects who used the ast tit].
and error had the most trouble with the word probleii, spent the least time

on them, and got-the fewest number correct.

11
Most research 6 heut,istic methods has used lithe "thinking aloud" tech- °_

nique, as did yuncker (1945)fin his seminal study: But some investigators.,

have turned to,other techniques. J. Davis (1964) devised a mathematical

model based on solution time and used the model to demonstrate that problem--
,

.

solvingoccurs'in stages related to the structure of the problem, much as, ', -,

..Duncker had6oted. Hayes (1965), using a "spy" problem in whiEh subjects.had= ,

to chain together previously-learned associations
took acceleration of the

solution process when subjects neared the g9b1 as evidence of a plannifig
'."-,

....

heuristic. Atithony (1966) studied the relative effectiveness of wor:king

backward'and working forward in a maze'problem and found that subjects were
able to shift to the direction that was more efficient for a particular pro-

,

biem.

One topic studied by Duncker that has received considerable attention,'
.._

..

is "functional fixedness" --thd.tendency for a-previous use of an'Object in

a given fundtion'to inhibit the object's4eing perceived in another-function.
.....-----Although DUncker's work with mathemg4cs.problems was more pertinent to

. 1,,%:,: --- ...---.,
education and although he,himself admitted"that in his monograpliqunctional

. ,fixedness was discussed in detail out of proportion to its importance, the
.... %st. cil..4:0 ,A.....,--4-,--- ,.,,,, + I ...4.1,11 , 7 7

tepie'doht-inues:rio inspire reseirch,=perhaps because of its bearing on the
.

.
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larger topic of rigidity in problem solving (see Cunningham, 1966).

The wdrk of Raaheim (1965) illustrates the direction that some of the
.*

work on:functional fixedness has taken. One can classify problems intb two

broad categories: those in which the goal is difficult to understand but

easy toL attain once understood, and those in which the goal is easily under-

stood but difficult to attain. Raaheim found that performance on the first

kind of problem was relhted to the ability to find many functions for a giyen

object, to the ability to list Many objects to fulfill a given function, and
1

to general intellectual ability. Pertnce on the second kind of problem,
, -

however, was related only to the abilityto list many objects to fulfill a

given function. Raaheim's work implies the existence of several kinds of

flexibility, whose role depends upon the structure of the problem and how it

is seen by the subject. The larger quests pa of how subjects adapt various

heuristic method to different kinds of problems remains virtually unexplored.

Additional'References: Holden, 1964;"Pylyshyn, 1963.

o Creative Behavior

Few udiet of creative.behavior have dealt directly with mathematiCs.

;) 40 Of these, most have been concerned with thn constructioh of instruments for

measuring mathematical creativity. Other studies, generally of pore tan-
.-

.

gehtial relevance, have explored the zlelationship between creativity and ,

p.9blem solving.

Measurement of Creativity

The view that intelligence tests are inadequate for the identification

of creative talent has sparked attempts to construct new tests. .Prouse (1967)

reports on the construction of a ten-item test to measure divergent and con-

vergent thinking in mathematics. Subjects were' 312 seventh graders from 14

classes in five spools. Within-teacher correlations were calculated between.
,

the creativity test aA measures of intelligence, achievement, §chool marks,

preference for school subjects, and c4ativity as rated by the teacher.;

Correlations between the creativity test and the teacher ratings were low but

both were moderately correlated with intelligence, achievement,'and grade

point average. Theiiesults Were diSappointingi,theygave no indication tat

. the creativity test was superior to. her measures, includinereacher ratings,

in identifying gifted students:

166- 72
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A battery of creativity tests for grades five through eight was devis;'d

by Evans (1964), who started with 27 tests and reduced them to 16 on the
basis of preliminary tryout'ryout and intercorre'lation analysis. Final testing og
123 Subjects of above- average mental ability showed few differences betweeti

INMean performance at each grade, except for a general tendency for the fifth '; .

graders to score lower than the others. 1Lcomposite score on the battery

was significantly correlated with measures of intelligence, achievement

attitude toward mathematics, and general creativity'(the latter consi ing
of an unusual usel/testian anagrams task, etc.). Evans' tests are clever,
and though firm data on reliability and validity are lacking, the battery'
shows some promise as a measure of, the ability to-formulate new mathemati-

.cal ideaIs. A '
. . )

Creativity and Problem Solving

Klein and Kellner (1967) Studieddifferences in the peArmance of high
and low creative subjects'ca

a tw8=choice probability learning task similar

to that ised by Weir (1964). Subjects were 16 high and 16 low scorers, from
a group of 130 male undergraduaterl'on

the Remote Associates Test, An analy-
sis of covariance, with IQ as the covariate, showed that high creative sub-
jects took significantly longer in making a i,sift from one choice to the
otherand tended tomatch their responses with the objectiVe probability of
reinfo' cement sooner than did the low creative subjects. The resul?S' were

interpreted as suggesting thatthe high creative subjectsumere demonstrating

a greater tendency to form hypotheses abput the pattern of reinforcements.

Additional evidence that high and low creative subjects approach pro-
b ems differently came from studies by Eisenstadt Apo and by Mendelsohn

Griswold (1964). Eisenstadt found that Creative subjects were faster than
reative subjects ip solving rebus puzzles iith incomplete information,

in'solving the puzzles after completg
information was.giVen, and in giving

up on puZzles they could not not,sdlve. Mendelsohn and Griswold foUnd at

167

positive relationship between creativity and the use of incidental cues in
.

saving anagram problems'.

Cicirelli (1965) report0 relatively low correlations (0.11 to 0.26) for
a group of 609 sixth gradersAtween subscores on the Minnesota Tests of. ,

Creative Thinking (MT6r) and scores on the California Arithmetic Test. Of
the three areas of,achievemen,t

measured (arithmetic, reading, and language),,.
4.

,
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arithmetic had the weakest relationlip to creativity. WOdtke (1964)-found

that, whereas intelligence and problem,,solving flexibility (as measured by

the Luchins Water. Jar Test) were correlated positively and significantly,
NoN

flexibility was not correlated with creativity (as measured by the MTCT),

even when the measures, were corrected for attenuation. It appears that

creativity, though it may be related to certain facets of pralem solving,

bears no simple relationship to problem-sOlving performance.

Instructional Programs
--1 .

Recent,years have witnessed the development of increasingly sophisti-

cated theory-based programs of instruction in problem solving and creative

behavior. Though the majority of studies continue to be evaluations of a

single device or technive, some attempts have been made to develop broader

programs having an-explicit then etkcal/rationale.

Training in Heuristic Methods

Covington and Crutchfield (1965) report several studies with the General

Problem Solving Program (GPSP), a well-conceived and apparently successful

program they devised for teachinVChildren to apply hetiristic strategies to

problems. Though the problems are not mathematical, the strategies are
4

appropriate to, mathematical problem solving. The program consists of a

series of self-instructional booklets,that present the continuing story of a

brother and sister team, Jim and Lila, as they try to solve a series of

puzzles and mysteries with the aid of their Uncle John, a high school science

teacher and part-time detective.. The pupil is. supposed to identify With Jim

and Lila as they gradually overcome their anxieties and become proficient in

problem solving. The programmed booklets not only give the pupil repeated

experie5Ces in solving interesting problems, but Vley also show him strate-

gies such as planning one's attack, searching for uncommon ideas, transform-
4

ing the problem,, and using analogies. Covington and Crutchfield'found drama-
# , lr

tic gains for an instructional group of fifth and sixth graders as compared

with a,control group on tests of problem-solving ability, tests of.cAreative

thinking,. -and attitude inventories. Five months after'instruction, gains in

problem-solving ability diminished some4hat but were still statistically

significant; gains in creative thinking had, become marginal (Covington, 1968).

An extensive tryout of the GPSP in 44 fifth-grade classrooms under

168 1,7,;
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conditions of minimal teacher involvement and a more rapid rate of-presenta=
tion yielded similar, but less striking results ( Olton et al., 1967). The
performance of the instructed group was superior to that of the control group
on 30 of 40 criterion measures of convergent and divergent thinking, but only
11 of these ,differences were statistically significant. Ripple and Dacey
(1967) found, with a modification of the GPSP fox' eighth gi,aders, no signifi-
cant differences bptween instructed mid control groups on four measures of"
verbal creativity. The instructed pupils solved the MaierTwo-String Problem
faster than did the controls,

but the'percentage of correct solutions was
about the same.

Concerned over these apparent failures to replicate Covington and
Crutchfield's findings and curious about the question of nonspeci fic transfer,

.Treffinger and Ripple 0.968) investigated the effectiveness of the GPSP on
verbal creativity, general problem solving,.arithmetic problem solving, and
attitudes, at each of the grades from.four through seven. Various analyses
were performed, including chi-square analyses of performance on individual
problems and analyses of covariance, with IQ and pretest sporeS as covariates.
Only a few diffeenceS on the verbal creativity,and

problem-solving tests--
not much more then would 4:e expected by chanCe--reached statistical signifi-
cance, and theseidifferences formed no obvious pattern. Although it should
betnoted that the results for arithmetic problemsetang may have been clouded
by the' difficulty and thellow

reliability of the teests used.) Stati- stically
significant differences favoring, the instructed gropp were found on a measure
of general attitudes about creative thinking and problem solving at all four
grade levels. The'results, as in the study by Olton et al.,,suggest that the
GPSP may be most effective when presented at a slow pace with supplementary
discussions by the classroom teacher. Also, although the GPSP may be success-
ful in promoting some transfer to novel problems, unless, the format'of the
problems resembYei'aat of the training materials, transfer is likely to be

.

.minimal.

[

Daniels (1964) attempted to teach college students the heuristic Method
of "property analysis" (describing to oneself the elements in a task situation)
in order to produce nonspecific transfer. He-too-was less successful than-,

Covington and Crutchfield: signif cant increases

Unusual Uses Test(were obs rved in one experiment

the training cpnditions1nSere identical, and no i

in originality on Guilford's

but not in another, although

wobrnent was found in ab&ity
.eo solve a battery of insight problems. As Danieit pointed out, training

,
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programs emphasizing fluencyof'response may promote transfer to other)di

gent thinking tasks merely because the subject cornet to erect that flne'ney

is what is wanted. Such programs may well fail, however, in promoting per-
.

formance on insight problems asid other tasks in which fluency alone is of

little help.

Attempts to pr'mote transfer of heuristics from miscellaneous training

tasks to problems from disciplines such as mathematics raise questions as to

how general or how specifid the heuristics should be. James'Wilson (1967)

predicted that subjectstaught specific heuristics would perform better on

training tasks but worse on.transfer tasks than would subjects taught general
4
'4 heuristic. Subjects were trained on two theorem-proving tasks, one in sym-

bolic logic, and the other-in elementarysalgebra, by meana....pf self-instruction-

al booklets. For each task, subjects were taught to use one of three kinds of

heuristics: task-specific (applicable to the training task only), means-end

(locating the key difference between the given situation and the goal and then --/

searching for a means to reduce the difference), and planning (omitting de-

tails in the given situation and working out a proposed solution in general

.terms). A 3 x 3 x 2 factorial design was used, with three levels of heuris-

tic for each task and two orders of task presentation. Dependent variables

were derived from performance on the training tasks and on five transfer tasks

(two similar and three dissimilar in format to thetraining,tasks). Pask-

specific heuristics did not facil;tate performance on the training tasks; in-

fact, on one training task the planning heuristic was superior to the otheAs.

O' one of the (dissimilar) transfer tasks, to planning heuristic was superior

to the others; otherwise there were no significant main effects. Significant

!'
interactions suggested that a combination of heuristics during training facil-

itated performance on some of the transfer tasks and that general heuristics

learned in the first training task were practiced on the second task, there-

by facilitating transfer.

,Several researchers have recently sought, with little success, to improve

problem7solving performance by giving the subject a model to follow. Brian

(1966) taught college students to solve problems by using a flow chart that
ats

incorporated heuristics idfttified by Polya. No improvement was found in

ability to construct mathematic'al models, to conjecture, and to use axioms,"

theorems, and-algorithms, but some improvement was noted in ability to settle

conjectures. The small sample size (17) and the lack of a control group Pre-

_vented an adequate test of Brian's hypotheses; his analysis of processes

'deserves further investigation.
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Post (1967) demonstrated that awareness of the types of mental operations/
thought to underlie problem solving does not necessarily improve performance:

Ten seventh-grade mathematics classes constituted the sample. The classbs
were matched on Troblem-solving ability, and while the control group followed
the regular schedule, the experimental group was given a three-daintroduc-
tion to a list of processes-drawn

from the literature on problem sol ing
followed by six-weeks of practice in using the processes. 4nalysi of. gain
scores on a problem-solving test showed

no significant difference between the
experimental and control groups.

Additional Reference: Means and Loree (1968).

, Learning by Discovery

Mathe tics seems to have a natural affinity with learning by discovery:
mathematics urriculum reformers_suCh as Max Beberman and Robert Davis have

been among the most articulate spokesmen for the view that children should
discover some of what they learn; and on the other hand, psychologists study-

discovery learning have often used mahematical tasks. As Wittrock (1966)
notes, in a compreheAive analySis of the literature, research on discovery
learning generally suffers from conceptual and methodological weaknesses and
has yielded inconsistent results. It is,encouraging, therefore, that several
recent studies, better designed than most, have demonstrated some superiority

of discovery methods for promoting transfer of problem-solving skills.

One way of contrasting "discovery"
and "expository" methods is in terms

of the sequential organization of instruction. In adiscovery method, verbal-
ization of a .concept or generalization 'comes at the end of the instructional

sequence; in an expdsitbryj method, it comes at the beginning:. Using this con-
,

trast, Worthen (19681st ied the effects of six weeks of instruction in .

mathematical con p y the two methods.
- -2'In each of'seven schools, one sixth,

grade class used a discovery method and one used, an expository method; in ,F1-
eighth school, one fifth-gfade class used each method. The same teacher tdught
both classes in'eech school. Worthen attempted to control a nuMber, of vari-

ables left uncontrolled in previous studies. For example, all teEiers par-
ticipated in a training program on/the use of the methods ,end materials, and
then, as a check that the methods were being followed, teacher behavior was
rated by observers during t e experimental period and by theipupils at theAtip

171
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erid of the period. -Ratings showed clase fidelity to models of each methdd

114 a,.
that Worthen had delineated. Analysis of covariance, using IQ scores,'
*-`, .-

,

Metropolitan Achievement Test arithmetic computation and probIem-solving

A
.

subscores, and pretest scores on a concept knowledge test as covariates, in-

dicated that the expository group showed more initial learning than the dis-
-.

covery group, contrary to WortEen's expectation. When initial learning wag

taken as a covariate, however, the discovery group showed greatef,,retention

of concepts after five and eleven weeks and an indication (p < .08) of

greater transfer,of mathematical,,prinCiles to novel situations. The dig-,

covery group also made greater gains on oral and written tests of discovering

: -

a short cut for king a series of problems.
r

Yfor making

(1g7) investigated t effect of learning by discovery qn problem-

solvin ability. Two groups of eight intermediate algebra classes 'were given

two weeks' instruction on figurate numbers and recursive definitions. 'The

instructional materials, in a workbook format, introduced a topic by pre-

senting a diffrcu../ lt problem that
-..

required a generalization, guiding the stu-

dent with a series-of simpler,problems, prOnipting the studentito look for a J.

pattern in the problems, and giving the student a check on 'his generaliztion.

In one group of classes,, the teachers discussed various heuristic methods for

discovering the generalization in the instructional materials; in the other

group, the .teacherb,gave no such guidance. Before and afier instruction, both

groups took a 60-item test on mathematical topics not covered in the unit. On

".',Othe posttest both groups doubled their pretest performance, whereas a contra

group hat tookthetests with' t. intervening instruction made only a
1

,

minor ain. Guidance by the teacher on heuristic methOds apparently did not

contritute VD 'the gains; the adjusted means of the two experimental groups on

the posttest did notdiffer significantiy.

Scandura (1964) demonstrated, in three small studies, that variations

within' discovery and expository methods,_such as the directness of presenta-

tion ang the point at which a generalization is introduced, may be responsi-

ble for some of the conflicting results in qarlier research. In.one experi-

ment, a discovery method yielded an advantage in nonspecific transfer, but

in the two other experiments, under modified,conditions, it did not. Scandura

- concluded that the timing of. instructional steps in discovery learning is, one

. of the most critical featU'res. Another small' -scale study, by Meconi (19847),

fciund no significant differences on either a transfer or a retention test

among "pure discovery," "guided discovery...1,1-1MB "rule and example" methods

172
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for teaching summation of sequences. Meconi and Scandura used. instruc-

tional treatments of only a day or so!s d4ration and with-small numbers-of
:,, °

students, so their results are not Zirectly 'comparable with those of Worthen

and Wills.

A!

Training in Verbal Skills

Since students frequently h4ve trouble, reading verbal yrobleMs in mathe-

matics textbooks, it is natural to, ask, whether training inyerbal skills might

'improve, problem- solving performance. 'Reasoning that knowledge of vocabulary

lien important component ofproblem-solving ability, VanderLinde (1964)

tested whether the study of vocabulary lists would result in gain on arithme-

tic iroblem-soN.lving tests. Nine fifth-grade clasies; matched with nine con"
r

trol.classes on IQ .nd on Iowa Tests of Basic Skills (ITBS) subtests of vo-

cabulary',,reading omprehension:arithmetic concepts, and arithmetic problem
4

solving, studied a different list of eight quantitative terms every week over, . .

a period of 20 to 24 weeks. On a
;

readm* 'istration of the ITBS, the experi-

mental group exceeded-the control gr p on both arithmetic subtests. Ptrther
analysis of the arithmetic problem-solVing subtest revealed'no differences

. ,

between the sexes but'a significantly lower mean gain by the low IQ group*
compared with groups of average and above7average.IQ.

I -Irish (1964) reported a two-year investigktion in which a group of nine

fourth-grade'teachers in small city school system were 'asked Co spend part of
. .

-
.0% time in class ordinarily spent

on computation helping pupils state gen-I / r,

eraljzations about number operations. In'both years, pupils of these teacherst

Made greater gains on'problem solving as measured, y the SeqdentiarTests of'
, .

Educational Progress Mathematics Test and on computation as measured by the

SchoI-ol and College Abilit Tests than pupils of other_fourth-grade teacheri
in the system.

i
1 ,

--) Additional References: Call and Wiggin (1966); Lyda and DUncan (1967)
.

a ,00

i
.e

Special Methods and Devices

./Much-attention has been focused in relent years on finding methods and

devicesthai.would iriproVe problensolvingwithout puttingthechild in the
kind of straitjacket provi d by formal analisis.and,other prescripti+e tech-,

niqUes. The traditional a Neel to the soil/411g of word prob1ems'in the ele-
mentary g des, has been c raderized as a "wante - given'" procedure--the chid

is taught o ask' himself, "Wh&t is wanted?" and " at is given?" and,then to

.

"

1731 79,
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perfOem tik appropriate operations

knownp, .In several recent studies

7

on the data to yield values for thla un-

, other approaches have been pittedagainst

this traditionardne.

John Wilson (1967) contrasted one versiNyof the wanted-given approach,

in which the child analyzes structural relationships between thd data and the

unknowns, with an "action-sequence" approach, in which the child looks for the

operations suggested by the sequence'of actions in the problem. In both

approaches, the child writes and solves a number sentence that expresses the

structure of the problem. Fifty-four fourth-grade subjects at three levels

of mental ability were randomly apsigned to awantedgiven, an action- sequence,

and a control group. Each group was given three periods of instruction a week

for ni7 weeks; using worksheets supplemented by instruction from the teacher

(except for the cthtrol group, which just worked the problems and then-spent

the remaining time on other activities). A 3 x 3 factoringnaly§is of vari-

ance followed by multiple comparison. tests showed that on measures of ability
o

to choose correct operations, of ability to solve problems, and of speed in

L

solving problems the 4inted-givenli;Oup performed better than the other two

groups after thr , six, and nine weeks of instruction, and again nine week§

after instruction,ha'd ended. Wilson'Slotudy provides strolig support for the .

superiority of the wanted - `given approach, although as Zweng (1968) observes,

Wilson's wanted-given treatment varies considerably from the traditional one..

Lerch and J- amilton (1966) compared a structured-equation approach, in ,

which pupils wrote a number sentence expressing the relationships in th pto-
.

blem (apparently something like Wilson's wanted7given treatment), with a
] . -

traditional wanted-given approach, in which no number sentence is written.

Aft r five month of instru7 ion,,a fifth- rade lass taught according to the

; -

structured-equation approaat showed greate gain tha a 'ciass taught accord-

ing to the wanted-given ap roachon a me'asui4e 'of ability to ohOose correct
. .

operations but not oh a of ability to solve problems. ,

The effecis of varying amounts of attention during.arithmetic 'instruc-".1 .

tion to,the structure of'the whole numbers 4ersus verbal problem solving.was
....,

i
.

'studied by Stuart (1965). ,,Fourth - grade'' upiis to ten schools were assigned

mat random to one of three,rogra treatments: (1) a program designed to teach

. ,
.

I

I

r

w0.
1

basic concepts of kUmbers,and computation, with no sqlving of verbal probleMs;0
0

12) a program designed to teach 'the analysis of verbal problems, how to ex-p 4

press,,,tte relationships as number sentences, and how td solvt the sentences;

and (3) a-,,program consisting of equal parts of the othtr two programs0 ?

o .*

174 180
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Analysis of covariance, with IQ and subscores on the Stanford Arithmetic Test

(SAT) as covariates, showed significant differences in posttest performance

on the problem-solving tion of the SAZ but.not on the computation or con-.

Pcept sections. A delayed admi7rStration of a third form of the SAT'yielded
.

no significant difrences., Stuart concluded, that for immediate problem-

' solving performance, .the "mixed" program was superior to the program that

emphasized structure of whole numbers and at least as good as the program that

emphasized prdblem solving alone..
Riedesel (1964) devised a series of problem-solving lessons, at two levels

of difficulty, in which pupils were instructed atd given practice in writing

mumber'sentences, drawing figures, formulating problems, presentling problems

.orally, and solving nonnumerical problems. Eleven sixth-grade classes were

given the experimental instruction for ten weeks. When compared with nine con-
,

trol ()lasses that got no special instruction in problem solving, .the experi-

mental classes made significantly greater gaiori a problem-solving test Qon-

strUCted'for the'study and gains approaching significance on the Arithmetic

Problem-SolTig subtest of the Iowa Tests of Basic Skills.

Tv
The hypothesis that experience in writing and solving one's own problems

is more beneficial than prlatoe in solving textbookproblems was tested by

Keil (1964). Pupils in four sixth-grade classrooms spent one period a week ,.

for 16 weeks 'Writing and'solving problems About.a given situation, while pupils.

in a control group of four classroom§ solved textbook problems about the same
s

situation. . Results of an analysis of covariance, with an IQ and pretest

scores on the Sliential Tests of Educational Progress (STEP) Mathematics,Test
0

as covariktes, and scores on.alternate forms of the Metropolitan Achievement

Testand STEP as dependent variables, supported Keil's hypothesis.

Oth dimensions of the kind and amount of problem-solving ractice that

children s ould reCe e were expored by Koch (1965), who founcfin a small,

but carefully done study that increasing the amount of homework'assigned, did
;.-.

. not improve problem-solving performance, and by Traub (1966), who fodnd that

. 1 performance on a complex task (add4ion on the number line) was facilitated,

more by heterogeneous than by homogeneous sutasks in a self-instructional

program. . -

. .

A Two studies dealt with techniques for teaching problem solving. at the-

ninth-grade level. Denmark (1964) compared a "deductive" approach (arranging. I
0,,

data and unknowns'in a table and then reading off the appropriate equat ions)
1-_-_,--

..twith an
4
"induct 've" approach (looking for a pattern in succesSIve trial). On

,h" 1 75 'N31
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a pdsttegt, students taught the inductive method were better able to arrive

t correct solutions, but when. credit was given for formulating correct squa-
d

'ions and solving them correctly, the students taught,the dekUCtime method .

. .

eXcelled. Bechtold (1965) found that including problems having extraneous

data along with4Mer assigned problems in algebra classes yieldetsuperior

perfo ance, not only on extraneous data problems, but on other problems as

well.

In one.Of the few studies with college students, Gangler (1967) asselred

1' the effects of overt responding, motivation, time of day, intelligence, and

mathematical background on the learning of symbolic logic tasks. In addition

to.his'findingS on motivation mentioned in an earlier section, Ganglen found

that subjects who wrote answers, to exercises rather than respondiing covertly

made fewer errors on problem-solving tasks. Overt responding during ;earning

was particularly beneficial for students whose motivation was raised by tell-
.

ing them that their performance would count toward their grade. StudenA whO
yr"

had taken relatively few mathematics courses in high school and college did
- .

better on learfil,pg tasks when their responses were'covert rather than overt.
y

Gangler found a number. of significant higher-order interactions boo complex
y

to'interpret and summarize here but suggestihg the existence of complicated

. relationships among personality and task variables in programs to develop

problem-solving ability. o

-Additional References:. Allen, Allen, & Miller (1966); Clark (1967).
, .

.

. Effects of Curriculum ProgrameanC,Class Organization

''An assumption explicit or implicit in mast modern mathethatics programs

. is *hat the innovations will result in,, a piother things,"qmproved ability

t solve problerdS. Two studies'provide.partpl.tests of this assumptiOn,

S ott (1965) reported data that be interpreted as evidence that modern pro-

grams prepared children somewhat better for coping with "ins luble" Word pr
. i -s

- . ,

blems than do traditional pro ams. Second and third graders 1.n classes us ng
, ..

. i

School Mathematics Study Group (SMSG) texts and texts based on, -the Greater

Cleviland Mathematics Project materials, and fifth and sixth graders in
.

. .

4

classes usplg SMSG texts, were compared with thildren in the same grades who
.

had used traditional texts. Analyses of covariance, with IQ as a cotariate,

yielded sign4fidant dif eren es, favoring ;he modernjtext gr

grades two and five. e la k of consistency in these resul

the low performance overall on the insoluble tens, suggests

programs do not materially improve,the skill iof dealing with

:116 Qu
I

ups,,only

s, togethe with

that mode

inconsistencies.
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The hypothesis that instruction in concepts of sdt theory improves prob-
..
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lem-solving performance mas4testedby Smith (1968). Two seventh-grade

classes received twenty days of'instruction 'in set theory while two other

classes studied the fundamental arithmetic operations, The students i57.

structed in set theory gained more in logicalireaioning ability but not in

ability to solve Percentage prdblems than did the other'stmdents.

Individually Prescribed Instruction (IMhas received considerable

attention as a technique fo, organizing instruction. Deep ?1966) found no
..-

significant diff rences, after adjustment for initial performance, in compute-.
.

tion or problem-so scopes among Students of high, average, and low abil-

ity at grades'four, fi e, and six after a year of IPI instruction. Hecon7
cluded that standartized tests are inappropriate for measuring achievement in

f

Ian'IPI program, which may be true; bcitother evidence (Lipson, 1967) indicates

s'a
.6

k % .

general lack of correlation between IQ and progress' under IPI.

Hudgins and Smith (1966) reportgd that when a small group, of elementary

school children engaged in cooperative proliptesolving, the group performed

better than its most atle student in solving arithmeticproblems if-and onlyl .
if he was not perceived by the group as being most able. Problem solvingby

groups seems not to be a widespread praciAe in mathematics classrooms, but

.

.

\ 1Hudgins ancl, Stith's findings on the imphance of sociometric status factors
it may have larger implications for the pattern of inteTactions and pupil con-

tributions during a problem-solving session.

Additional-Referenpe: Moore.and Cain f1968).
. .

)
,

...i

-1.14,

,
. Teacher Influences 0

Polya (1962, 1965) has argued that teachers Pannpt teach problem solving,

unless the have had some experience themselv s in solVing problems. Though
-this angum nt has not been given a direct tes , Godgart 1964) has demon ,,'

N.

.
strated that, at leas by/One teache s' prdblem-solving ability in

mathematics is not fe ated to pupil progress. TheMithematics Test of the
.

-

. .Sequential Tests of E ucational Progress (STEP) was administered to q5 fourth-..er
ilt

grade teachers, and the Arithmetic Problem-Solving subtest of the Iowa Tests

of Basic Skills (ITBS) wqs administered twice to, their pupils--aI the be--
. 1 I.

ginning of the fourth grade and again at the beginning of the fifth grade.

The teachers performed significant y better on the ST 'EP than did the norming
i

population of college sophomores. When the teachers were divided into five
,,,_

4

4

0

/
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equk groups according to theirs performance on the STEP, and analysis of co-

variance performed on class means with the ITBS pretest as the-vvariate and

the ITBS posttest as the dependent variable, thegroups, did not differ sig-

nificantly. Furthermore, teachers' problem-solving. ability as measured by the

STEP was unrelated to such background measures as age, tenure status, under-

graduate majce, 294'nunber of mathematics content and methods courses taken.

,Broome (1967) reported ar unsuccessfu,l attempt to relate teachers' cre-
.

ativity to children's learning. Six low-creative and s'x high - creative

teachers, as measured by the Minnesota Tests of Cre tive Thinking (MTCT),

selected at random from the fifth-grade teachers' in a city school system.

Seventy-one pupils of the high-creative teachers and 71 pupils of the low-
.

creative teachers were administered MTCT Form A in the fall and MTC? Form B

in -t4i spring. Achievement data were obtained from school records. Esti-

mated trtlIT.trin score showed no differential change in creativity, abulary

development, reading comprehension, or,arittAetic reasoning for pupils of the

two groups of teachers.

If the teacher does have an impact on pupils'- problem-solving ability and-
.

,creativity, the locus of this impact must be the classroom. Stiljpell (1967)

adapted the Flanders interaction-analysis scheme to study problem solving
,

activity in geometry classrooms. On& of Stilwell's most interesting findings

concerned the relatively small amount of class time (less than 3 percent of

all problem-solving activity) spent in discussing a method for solving a prob-

lem. Looking back at a problem'or ahead to its implications occupied 7 Per-

cent the.prokkm-solving activity, with teacher requests to look back
. .

the soiUtion'correlated positively and significantly(th greater teaching

experience.

!. Conclusi .

:
A good shars of the research in math ,Laii s education, now as in the

.. . ,

past, is being,dOne.byedObbral student4. Though many th es on problem solv-

. ing andi creatkT ehavior in m tici re of a qua y and
o
sophistication

, .
.

that surpasses t e gener,a1.1evel of journ articles cethese topiCS, the
.-,

aretheses are relat vely . inaccessible. The forthcominkJourhal for Research in,'
. ,. r77- ....

, Mathematics Educ tiO4_ahould gp far tdirai,d-rallOiating this situ4tion.
...- , 0 A, , -,

As research in mathematia :educAiWbecomeq.mpre sophistic ted in de-
. .

1.'v P.,

.
sige, more exprtitley grnlyndd)In thepi<and ctosely1 allie to develop-

, ., . .

-
-:

maltTema'dC"s eaucapbes.dne-shomp isons,pf
.-.- t

ments,in othei

r'
.1I' .A

s
V. :

.

-;- .t

,
- .

"wi °

4



a

ill-defined "methods" .n$ the psychologist's laboratory studies of arbitrary,

highly artificial concepts should give way to diagnostic; long-term studies

of learning and thinking in school settings. EviAce of this trend can be

40,-

r
. -
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noted in the studies reviewed, as can'a general movement toward more complex

0 designs and analyses.

Unfortunately, the increasing complexity of design has been accompanied

by an increasing number .of methodological blunders, such as the. inappropriate

use of analysis of covariance and the use of subjects as experimental ulits

when intact classes have been assigned to treatments."' More disturbing still

isthe investigators' apparent ignorance that statistical assumptions are be-

ing violated. MatheMatics educators, of all people, should be highly skepti-

cal about the congruence between an analytical model and the "real-world"

data.

Much has been said lately about the need for large-scale, complex t'
, -

studies in mathematics education, but the researcher--most likely a doctoral

student- who- chooses to investigate problem solving and creative behavior in

mathedatics is probably best advised to undertake clinical of

dividual subjects (children gifted in mathematics, children for whom mathe-
.

matics is. particularly difficult%.etc.), not only because clinical studies

are more commensurate with limited financial and administrativeiresources,

but also because our ignorance in these areas demandi'clinical studies as

precursors to larger efforts.

a

O

J
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